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Abstract
Bayesian methods offer a principled framework for parameter estimation and uncertainty 
quantification in physiologically-based pharmacokinetic (PBPK) modeling, yet the sensitivity 
of these approaches to key workflow hyperparameters remains insufficiently characterized. This 
thesis presents a reproducible methodology for evaluating Bayesian Markov Chain Monte Carlo 
(MCMC) parameter estimation across three pharmacokinetic models of increasing complexity: 
a simple chain model, a basic pharmacokinetic model, and a clinically validated PBPK model 
of indocyanine green (ICG). Synthetic pharmacokinetic datasets were generated from known 
parameter distributions and used to fit Bayesian MCMC samplers under systematically varied 
hyperparameters — number of timepoints, number of samples, coefficient of variation, and prior 
type. Posterior accuracy, point bias, computational cost, and sampling efficiency were evaluated 
across all conditions. Among the four hyperparameters investigated, prior specification emerged 
as the dominant determinant of posterior accuracy: well-specified priors yielded parameter 
estimates close to the true values across all models, while biased and incorrect priors introduced 
substantial and progressive deviations. The remaining hyperparameters had limited influence on 
estimation accuracy but the number of timepoints and samples directly increased computational 
cost. The entire workflow — built on SBML, libRoadRunner, PEtab, and pyPESTO — is 
fully open-source and FAIR-compliant, providing a transparent and reusable framework for 
validating Bayesian approaches in pharmacokinetic modeling.

Zusammenfassung
Bayesianische Methoden bieten einen prinzipiellen Rahmen für die Parameterschätzung und die 
Quantifizierung von Unsicherheiten in der physiologisch basierten Pharmakokinetik (PBPK) 
Modellierung, doch ist die Sensitivität dieser Ansätze gegenüber Hyperparametern des Work
flows bislang noch unzureichend charakterisiert. Diese Arbeit stellt eine reproduzierbare 
Methodik zur Bewertung der bayesschen Markov-Ketten-Monte-Carlo- (MCMC-) Parameter
schätzung anhand von drei pharmakokinetischen Modellen mit zunehmender Komplexität vor: 
einer einfachen linearen Kette, einem minimalem pharmakokinetischen Modell und einem 
klinisch validierten PBPK-Modell für Indocyaningrün (ICG). Synthetische pharmakokinetis
che Datensätze wurden aus bekannten Parameterverteilungen generiert und verwendet, um 
Bayes’sche MCMC-Sampler unter systematisch variierten Hyperparametern anzupassen – An
zahl der Zeitpunkte, Anzahl der Samples, Variationskoeffizient und Prior-Typ. Die Genauigkeit 
der Posterior-Verteilung, der Punktbias, der Rechenaufwand und die Stichproben-Effizienz 
wurden unter allen Bedingungen bewertet. Unter den vier untersuchten Hyperparametern erwies 
sich die Prior-Spezifikation als der dominierende Faktor für die posteriorische Genauigkeit: Gut 
spezifizierte Prioren lieferten in allen Modellen Parameterschätzungen, die nahe an den wahren 
Werten lagen, während verzerrte und falsche Prioren erhebliche und zunehmende Abweichungen 
verursachten. Die übrigen Hyperparameter hatten nur begrenzten Einfluss auf die Schätzge
nauigkeit, doch die Anzahl der Zeitpunkte und Stichproben erhöhte den Rechenaufwand direkt. 
Der gesamte Workflow – basierend auf SBML, libRoadRunner, PEtab und pyPESTO – ist 
vollständig Open-Source und FAIR-konform und bietet ein transparentes und wiederverwend
bares Framework zur Validierung bayesscher Ansätze in der pharmakokinetischen Modellierung.
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1. Introduction
Pharmacokinetic (PK) models and physiologically-based pharmacokinetic (PBPK) models, 
formulated as systems of ordinary differential equations (ODEs) within the broader framework 
of systems biology, provide a quantitative basis for characterizing drug absorption, distribution, 
metabolism, and elimination in clinical settings. These models are instrumental in addressing 
critical pharmacological questions, including the prediction of drug–drug interactions and the 
optimization of dosing regimens for specific patient populations.

1.1. Pharmacokinetics
Pharmacokinetic models, including PBPK models, are structured around four fundamental 
processes that govern the fate of a drug within the body: absorption, distribution, metabolism, 
and excretion (ADME). Figure 1 provides a schematic overview of these processes.

Figure 1:  Basic Diagram of ADME Key processes are absorption, distribution, metabolism are excretion. Adapted from [1].

Absorption refers to the process by which a drug is transferred from the site of administration 
into the systemic circulation [2]. This process encompasses route-specific phenomena such as 
transporter saturation and delayed release. It begins with the release of the drug from its 
formulation and its subsequent dissolution in gastrointestinal fluids. Drug molecules must then 
traverse the epithelial barrier of the gut via passive diffusion or carrier-mediated uptake and 
efflux transport mechanisms. Owing to the complexity of tissue architecture and gastrointestinal 
physiology, absorption is not uniform along the gastrointestinal tract [3]. Accordingly, mathe
matical models such as PK models partition the tract into discrete segments, each characterized 
by distinct enzyme expression profiles, surface areas, fluid volumes, transit times, and pH 
values [4].

Metabolism encompasses the biotransformation of the parent drug into metabolites through 
the activity of metabolizing enzymes [5]. PK models frequently incorporate both hepatic 
and extrahepatic metabolic pathways, represented by clearance parameters and enzyme-
kinetic equations. Metabolism generally proceeds through two broad phases. Phase I reactions 
introduce or unmask functional groups, predominantly via cytochrome P450 enzymes such 
as CYP3A4 and CYP2C19 [6]; common Phase I reactions include oxidation, reduction, and 
hydrolysis. Phase II reactions subsequently conjugate the drug or its Phase I metabolites with 
endogenous molecules, thereby increasing polarity and facilitating excretion [7]. In this regard, 
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PK models can provide mechanistic insight into drug–drug interactions, metabolite kinetics, 
and clinical scenario analyses.

Finally, excretion denotes the irreversible elimination of the drug and its metabolites from 
the body, primarily via renal and biliary routes. Urinary excretion involves the clearance of 
drugs and metabolites from the blood through glomerular filtration and active tubular secretion 
mediated by uptake and efflux transporters. Tubular reabsorption may also occur, and dedicated 
kidney submodels can capture this process with considerable detail [8]. With respect to biliary 
and fecal excretion, compounds and conjugated metabolites are transported from hepatocytes 
into the bile and subsequently into the intestinal lumen. PBPK models commonly include 
a bile compartment and a biliary route into the gut lumen, where the drug may either be 
eliminated or undergo enterohepatic reabsorption [9]. Additional excretion pathways, including 
pulmonary elimination, lactational transfer, and excretion via saliva and sweat, may also be 
relevant. Together with metabolism, excretion governs the residence time, overall clearance, 
and accumulation profile of the drug in simulations. These four ADME processes constitute the 
foundation of PK models, and a thorough understanding of each is essential for realizing their 
clinical potential.

Figure 2:  A PBPK model as its most elemental. Every circle is a compartment where the drug gets absorbed, distributed, 
metabolized and excreted. In PBPK, this compartment are often physioligical spaces, where organs and tissues determine 

parameters and equations [10].

In clinical drug development, these models are of greatest utility during the preclinical phase 
and Phase 0 studies [11]. They enable the assessment of drug efficacy, safety, toxicity, and 
bioavailability prior to the initiation of human trials. The capacity to simulate a wide range 
of conditions provides a basis for the rational design of subsequent clinical phases. In the 
context of personalized medicine, PK models facilitate the identification of optimal dosing 
regimens and treatment strategies by incorporating patient-specific characteristics [12]. Where 
the inclusion of certain patient populations in clinical trials raises ethical or methodological 
concerns, model-based predictions allow researchers and clinicians to evaluate patient outcomes 
and compare them with population-level results from clinical studies. Furthermore, PK models 
offer a complementary paradigm for drug research, enabling the replication of drug interactions 
in silico with mechanistic detail and quantifiable accuracy.

1.2. Physiologically-based Pharmacokinetic Models
Ordinary differential equations provide a mathematical framework for describing the kinetics 
of substances within biological systems and, as such, serve as the fundamental building blocks 
of PBPK models. In these models, a drug — whether exogenous or endogenous in origin — 
enters the biological system, undergoes distribution, and is ultimately eliminated [13]. The 
spatiotemporal disposition of the drug within the system constitutes the central tenet of 
pharmacokinetics and is explicitly represented in PBPK models. Given that the concentrations 
of substances within biological systems are in a constant state of flux, it is essential to formalize 
these processes and characterize them quantitatively.

The spatial component refers to the location of the substance within the biological system, 
while the temporal component describes the rate at which its quantity changes over time. 

5



Mathematically, these two components can be combined through partial derivatives, which 
express rates of change with respect to both space and time. However, for practical purposes, 
such formulations are typically simplified to ordinary derivatives, in which spatial variation 
is not explicitly represented [14]. A thorough understanding of circulatory dynamics, physical 
chemistry, and thermodynamics is essential for the construction of such models [15].

In the present context, this reduction — or lumping — is performed on the basis of a priori 
knowledge of organ physiology and system biochemistry, rather than on empirical spatial and 
temporal kinetics, thereby rendering PBPK models tractable [16]. Compartmental models, 
including PBPK models, arise from this reduction, enabling the systematic formulation of 
modeling assumptions and the estimation of model parameters.

Several key assumptions underpin the validity of PBPK model predictions. A primary assump
tion is that of kinetic homogeneity, which stipulates that a substance introduced into a 
compartment mixes instantaneously and that each molecule has an equal probability of exiting 
the compartment via any available pathway [17]. A related assumption is that only unbound 
drug in plasma is capable of crossing biological membranes, with rapid equilibrium maintained 
between bound and unbound pools [18]. Additionally, anatomical and physiological structures 
are defined a priori with limited ranges of variability [19].

A further assumption concerns the validity of in vitro–in vivo extrapolation (IVIVE), whereby 
in vitro systems are scaled to in vivo conditions using standard scaling factors that are assumed 
to be accurate or, at minimum, unbiased on average [20]. It is also assumed that physiological 
parameters and drug-specific parameters are independent of one another, and that physiological 
parameters are transferable across compounds [21]. This separation underpins the principle that 
a given PBPK model framework can be applied to multiple drugs. Additional assumptions may 
vary from model to model depending on the specific application. Once these assumptions have 
been established, an experimental design can be formulated for data collection and parameter 
estimation.

Parameter estimation requires a site at which the drug enters the system and from which data 
can be collected. This site is referred to as the accessible pool. Within the accessible pool, 
the drug and its metabolites are assumed to be in rapid equilibrium with the sampling site 
[22]. Consequently, changes in this pool are directly observable through the collected data. The 
accessible pool thus governs much of the short-term pharmacokinetic behavior, including peak 
concentrations, the early distribution phase, and initial target-site exposure.

Beyond demographic descriptors of the patient population such as age and body weight, the 
fundamental state variable in PK modeling is the drug or substrate concentration, defined as 
the amount of drug present per unit volume of each compartment over time [23]. Nearly all other 
model quantities — including fluxes, clearances, and pharmacodynamic effects — are derived 
from this variable. Formally, drug concentration is expressed as the ratio of the drug amount 
(typically in milligrams) to the compartment volume (typically in liters) at a given time point. 
PBPK models track these concentration–time profiles in plasma, blood, and individual organs. 
Depending on the molecular size and whether the analyte is the parent drug or a metabolite, 
concentrations may be expressed in mass-based units (e.g., mg/L) or molar units (e.g., nM/
L). This difference in units affects only the scaling convention; the underlying model structure 
remains unchanged [24].
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Figure 3:  Idealized drug concentrations and its metabolite in different compartments. The time variables represents the 
moment the drug is first measured in each compartment. The drug starts its journey at the absorption site, where its concentrations 

peaks. Then it moves through the body and it gets metabolized. Finally, it gets excreted with its metabolite [10].

In addition to the accessible pool, the drug also distributes into a non-accessible pool, where it 
undergoes transport and transformation but cannot be directly sampled. Drug concentrations 
in this pool are inaccessible, as they reside in microenvironments that do not contribute directly 
to measurable concentrations. Examples of such analytically hidden compartments include deep 
tissue binding sites [25], slowly equilibrating intracellular compartments separated by membrane 
barriers [26] and tissue regions characterized by poor perfusion or restricted diffusion [27]. In 
PBPK models, the non-accessible pool can be implemented as an additional sub-compartment 
with slow exchange kinetics, such that the majority of the drug is sequestered and communicates 
with the accessible volume only gradually. Together, the accessible and non-accessible pools 
constitute the system.

The parameters of PBPK models serve to characterize both the accessible pool and the system 
as a whole. Although parameter definitions vary across models depending on the physiological 
attributes they represent, certain parameters are common to all PBPK models [28]. These can 
be classified as either accessible pool parameters or system parameters.

Figure 4:  Two systems with accessible pools. System (A) has an accessible pool where a drug input, represented by a bold 
arrow, can enter and data, represented by a dashed line, can be collected. On the other hand, system (B) has one accessible pool 
where a drug input can enter and another accessible pool where data can be collected. Both have loss of input and exchanges 

between the accessible pool and the overall system [29].
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Three widely used accessible pool parameters are described here. First, the volume of distrib
ution of the accessible pool, 𝑉𝑎, (measured in liters), represents the volume in which the drug 
distributes uniformly and instantaneously upon entering the system. Second, the elimination 
rate constant, 𝑘𝜀, (measured in inverse time units), denotes the fraction of drug cleared from 
the accessible pool per unit time. Third, the clearance rate, 𝐶𝐿𝑎 quantifies the volume of the 
accessible pool from which the drug is completely removed per unit time.

Three system-level parameters are of particular importance. The total equivalent volume of 
distribution, 𝑉𝑡, represents the total volume into which the drug distributes throughout the 
system. The extent of absorption, 𝐹  is the fraction of the administered dose that reaches a 
second accessible pool following administration into the first accessible pool. The absorption 
rate constant, 𝑘𝑎, describes the fraction of the drug that appears per unit time in the second 
accessible pool following administration into the first. Both 𝐹  and 𝑘𝑎 are components of 
bioavailability [22].

Given that PK models can attain considerable complexity, the approach outlined in this thesis 
begins with a simple chain model comprising only two compartments that exchange a substrate 
between them. Subsequently, more clinically relevant models that approximate real physiological 
systems are employed. Detailed specifications of all models, including their parameterization 
and estimation procedures, are presented in Section 2.

Despite the care taken in model design to ensure clinical relevance, inter- and intra-individual 
variability remains a persistent concern in the development and application of PBPK models 
[30]. Pharmacokinetic parameters exhibit substantial variability across patients [31], and this 
variability arises from two broad categories of sources: exogenous and endogenous factors.

Figure 5:  Drug concentration in the same compartment but on different subjects. Concentration data was collected on 
different times. The variability is evident between individuals [29].

8



Exogenous factors comprise external influences that may alter drug exposure and metabolism, 
frequently through effects on transporters or metabolizing enzymes [32]. Key examples include 
diet, lifestyle, environmental chemicals, and concomitant medications. Endogenous factors, by 
contrast, are intrinsic characteristics of the individual that influence ADME processes and 
pharmacodynamics [33]. Relevant endogenous factors include age, sex, body size, organ function, 
and genetic variation.

The interplay between endogenous and exogenous factors acting on ADME processes gives rise 
to interindividual variability in drug disposition [34]. For instance, organ function determines 
the baseline capacity for drug handling, whereas lifestyle factors may introduce time-dependent 
modifications in drug concentrations.

The variability of drug concentrations across individuals within a population is a central concern 
of population pharmacokinetics [ [35]. This discipline provides a framework for modeling inter- 
and intra-individual variation and for estimating population-level parameter means. Several 
methodological approaches exist for fitting population data to individual-level PBPK models. 
Among the most widely used is the nonlinear mixed-effects modeling framework, popularized by 
the NONMEM software, in which population mean parameters are estimated alongside random 
effects characterized by probability distributions [36].

1.3. Statistical Modelling
For ODE-based models such as PBPK models to be applicable in practice, observational data 
from the process under study must be collected. The parameters of these models are then 
estimated by fitting the model to the observed data using a defined statistical methodology, 
subject to a quantifiable margin of error. Because ODEs describe time courses as particular 
solutions of a system of equations, the statistical framework must incorporate assumptions that 
accommodate these data structures

To formalize these statistical approaches, an ODE-based model can be expressed in the following 
general form::

̇𝑥𝑖(𝑡𝑗) = 𝑑
𝑑𝑡

𝑥 = 𝑓(𝑥𝑖(𝑡𝑗), 𝜃) + 𝑑𝑖𝑗 𝑥𝑖(0) = 𝑥𝑖0 (1)

where 𝑓 denotes the system dynamics, 𝑥𝑖 is the state of the model for subject 𝑖 at time 𝑡𝑗, 𝜃 
represents the model parameters, 𝑑𝑖𝑗 are system disturbances and 𝑥𝑖0 are the initial conditions. 
Observations for each subject can then be expressed as:

𝑦𝑖𝑗 = 𝑔(𝑥𝑖(𝑡𝑗), 𝜃) + 𝜀𝑖𝑗 (2)

where 𝑔 is an approximation of the true dynamics 𝑓 , 𝜃 denotes the estimated parameters and 𝜀𝑖𝑗 
represents measurement noise. In general, 𝑓 is unknown as the true dynamics of the underlying 
natural process have not been fully elucidated. Consequently, 𝑔 serves as an approximation of 𝑓 
represents the idealized dynamics of drug absorption, distribution, metabolism, and excretion, 
while 𝑔 corresponds to the pharmacokinetic model employed for a specific drug.

Classical Approach

Numerous parameter estimation strategies have been developed to obtain 𝜃 and novel methods 
continue to be proposed in the literature. The predominant approach in pharmacokinetics is 
nonlinear least squares estimation. Under this framework, the residual errors 𝜀𝑖𝑗 are assumed 
to be independent and identically distributed as 𝑁(0, 𝜎2) and the objective function to be 
minimized is given by:

𝐽(𝜃) = ∑
𝑛

𝑖=1
∑
𝑇

𝑗=1
‖𝑦𝑖𝑗 − 𝑔(𝑥𝑖(𝑡𝑗), 𝜃)‖ (3)
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For a given candidate 𝜃, the ODE system is numerically integrated to produce a complete 
realization of 𝑔(𝑥(𝑡𝑖), 𝜃). The objective function is then evaluated, and a gradient-based 

optimization algorithm iteratively proposes new candidates until a minimum is identified. 
Commonly employed optimization algorithms include Gauss–Newton, Levenberg–Marquardt, 
and the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm.

This estimation strategy is grounded in the frequentist approach to statistical inference [37]. The 
frequentist paradigm evaluates parameter estimates through the concept of repeated sampling: 
under the assumption that data are drawn repeatedly from the same population, population 
parameters can be quantified with a specified degree of precision. In this framework, the data 
are treated as random while the parameters are regarded as fixed quantities [38]. Uncertainty is 
expressed through confidence intervals, which are interpreted as containing the true parameter 
value in a specified proportion (typically 95%) of hypothetical repeated experiments [39].

This framework, however, presents certain limitations in the pharmacokinetic setting. Because 
data generation in pharmacokinetic studies is resource-intensive, the assumption of repeated 
sampling is difficult to justify in practice [40]. Moreover, within the frequentist paradigm, prior 
scientific knowledge may inform the clinical trial design but is not formally incorporated into 
the data analysis itself [41]. In pharmacokinetics, where data are continually generated through 
adaptive experimentation, models should possess the flexibility to assimilate newly available 
evidence on an ongoing basis [42].

Bayesian Approach

Bayesian statistical analysis is founded upon Bayes’ rule of probability:

𝑝(𝜃|𝑥) ∝ 𝑝(𝑥|𝜃) ⋅ 𝑝(𝜃) (4)

where 𝑝(𝜃|𝑥) is the posterior probability of 𝜃, 𝑝(𝑥|𝜃) is the likelihood of the observed data 𝑥 given 
𝜃 and 𝑝(𝜃) is the prior probability of 𝜃. This rule formalizes the integration of prior information 
with observed evidence to obtain the posterior probability distribution. Bayesian inference is 
thus primarily concerned with characterizing the posterior distribution of the parameters of 
interest. By embedding the likelihood from Equation 4 within the dynamical system framework 
of Equation 1, a Bayesian approach for dynamic systems can be formulated as:

𝑝(𝜃|𝑥, 𝑡) ∝ 𝑝(𝑥|𝜃, 𝑡) ⋅ 𝑝(𝜃) (5)

Various forms of the likelihood function are available for dynamical systems, each requiring the 
time variable 𝑡 to be explicitly specified [43]. However, the introduction of a complex likelihood 
renders the posterior distribution analytically intractable – a common situation in applied 
Bayesian statistics. This challenge has given rise to the field of Bayesian computation, in which 
numerical methods are employed to draw samples from an approximate posterior distribution. 
These methods are predominantly based on variants of Markov Chain Monte Carlo (MCMC) 
sampling [44].

The Bayesian approach offers several advantages over classical frequentist methods. It accom
modates small sample sizes effectively, permits the explicit incorporation of prior information, 
and supports adaptive decision-making [45]. Because Bayesian estimators do not rely on asymp
totic theory, they can yield valid probabilistic statements about model parameters even with 
limited data, provided that the model and priors are appropriately specified [41]. In this regard, 
mechanistic PBPK models stand to benefit from a Bayesian framework in which informative 
priors are assigned to model components and subsequently updated with observed data [46].

The Bayesian approach is particularly attractive in the present context owing to its capacity to 
quantify interindividual variability [47]. It enables the estimation of full parameter distributions 
rather than point estimates alone. The resulting model outputs, termed posterior samples, can 
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be analyzed to identify clinically relevant subgroups with distinct pharmacokinetic profiles, 
which is of direct relevance to precision dosing and patient stratification [48].

However, the increased computational complexity of Bayesian methods necessitates adequate 
computational resources to obtain the approximate posterior distribution, a sufficiently large 
sample size, and execution times that permit timely analysis of results [49]. Furthermore, priors 
must be specified judiciously, as uninformative or biased priors can exert a substantial influence 
on the posterior estimates [50].

To mitigate these limitations, two key strategies are adopted in the present work. First, a large 
number of samples are drawn from the MCMC sampler by allowing it to run for an extended 
number of iterations and retaining a large set of posterior samples upon completion. This 
strategy also serves to attenuate autocorrelation among successive samples, a common source 
of bias that is routinely addressed in Bayesian workflows [51]. Second, priors are specified in 
a scientifically informed manner for all parameters of interest. For example, parameters such 
as body weight are assigned prior distributions with mean values and standard deviations that 
reflect clinically established ranges.

By combining the clinical applicability of PBPK models with the probabilistic uncertainty 
quantification afforded by Bayesian inference, an approach for characterizing interindividual 
parameter variability can be formulated. However, given the considerable complexity inherent in 
both PBPK models and Bayesian computation, it is necessary to validate the chosen approach 
under a defined set of model hyperparameters. The central question addressed in this thesis is: 
given a PBPK model, does a Bayesian parameter estimation strategy yield reliable, clinically 
relevant results?

To address this question, this thesis proposes a reproducible methodology. PBPK parameters 
are sampled from predefined probability distributions and used to generate synthetic pharma
cokinetic datasets, which are subsequently employed to fit a Bayesian MCMC sampler. The 
resulting posterior distributions are then compared with the original parameter distributions. 
By repeating this procedure across different sampler configurations, the sensitivity of the 
optimization results to the choice of hyperparameters can be systematically assessed.

1.4. Reproducibility and Standardization
Standardization and reproducibility remain significant challenges in the field of systems biology 
[52]. In the case of PBPK models specifically, many published models are not openly available: 
the underlying software is often proprietary, clinical datasets are inaccessible, source code is not 
provided, and workflows do not adhere to the principles of findability, accessibility, interoper
ability, and reusability (FAIR) [53].

With respect to reproducibility, many published models lack accessible equations, executable 
workflows, and publicly available data [54]. Even when the overall structure of a study is trans
parent, independent research groups frequently encounter difficulties in reproducing existing 
workflows. Model specifications may be ambiguous or contain errors when simulation protocols 
are insufficiently detailed or initial conditions are inadequately reported.

In the PBPK context, the high dimensionality of these models and the multiscale coupling of 
parameters across organ compartments and physiological processes compound these challenges. 
Where such complexity leaves room for ambiguity, published results may not be reproducible 
by independent investigators [55]. Moreover, when PBPK models employ virtual populations, 
the algorithms used to generate these populations are often insufficiently specified, potentially 
introducing undesirable variability.

To address these challenges, the approach presented in this thesis adheres to the recommenda
tions of the FAIR guidelines [56]. The complete code implementation is released as open-source 
software, accompanied by automated tests that verify code execution. Furthermore, all models 

11



are written in a standardized and transparent format and are made available through commu
nity repositories.

1.5. Objective and Scope
The objectives of this thesis are as follows:

1. To develop a reproducible parameter optimization approach applicable to a range of phar
macokinetic (PK) computational models.

2. To evaluate the proposed workflow using PK models of increasing complexity, from simple 
compartmental models to physiologically-based pharmacokinetic (PBPK) models.

3. To investigate the influence of key hyperparameters on both the PBPK model specification 
and the Bayesian-based optimization procedure.
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2. Materials and Methods
The approach aligned on this thesis requires several software suites to work in tandem. First, 
models need to be defined in a format that is well known and accessible to researchers. 
Second, the simulations from the models must be very fast as the approach iterates through 
several model specifications. Third, everything needs to be stored in a format that the sampler 
algorithm can read. Finally, a bayesian sampler should read the simulations data and collect 
results. Below, the solution for each part is described throughly. Also, an introduction to the 
models used is outlined below.

It is imperative for computational models to be repeatable, allowing researchers to copy the 
same source code and data to repeat the stud, and reproducible, where models results are 
replicated after rebuilding in a researchers computational environment. The methods outlined 
below meet those requirements. The code repository that accompanies this methodology can 
be found at https://github.com/matthiaskoenig/parameter-variability [57].

2.1. Pharmacokinetic Models
To review the results of this approach, three different models with different levels of complexity 
are evaluated. They are ordered from the most simple to the most complex and clinically 
relevant. Their parameters and output results are described in detail.

Simple Chain

The first model used is called simple chain. Here a chemical reaction decreases the concentration 
amount of 𝑆1 and increases the amount of substance 𝑆2, all in one same homogenous compart
ment. This is an ODE system in the most basic. How fast S1 converts into S2 depends on the 
parameter 𝑘1.

𝑅1 = 𝑘1 ⋅ 𝑆1

d
d𝑡

𝑆1 = −𝑅1

d
d𝑡

𝑆2 = 𝑅1

(6)
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Figure 6:  Parameter Scan of 𝑘1 for the Simple Chain model. The parameter 𝑘1 is varied between −1 and 1. The curves 
closer to the edge result from its negative values and the ones diverging result from its positives.

Simple PK

Simple PK is designed as a simple pharmacokinetic model. There are three different compart
ments: the gut, the central and the peripheral compartment. For each, there is a specific volume 
𝑉 , while they share a clearance 𝐶𝐿, absorption 𝑘abs and distribution 𝑄 parameters. With it, 
a researcher can model a substance being absorbed into the gut and distributed throughout 
peripheral and central compartment.

Absorption = 𝑘abs ⋅ 𝑦gut

Clearance = 𝐶𝐿 ⋅ 𝑦cent

𝑅1 = 𝑄 ⋅ 𝑦cent

𝑅2 = 𝑄 ⋅ 𝑦peri

d
d𝑡

𝑦gut = −Absorption
𝑉gut

d
d𝑡

𝑦cent = Absorption − Clearance − 𝑅1 + 𝑅2
𝑉cent

d
d𝑡

𝑦peri = 𝑅1 − 𝑅2
𝑉peri

(7)
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Figure 7:  Resulting concentration curves for the Simple Chain model. The parameters 𝑘abs and 𝐶𝐿 are both set at 1. 
Like Figure 3, the drug travels through different compartments. However, the time is now represented in minutes.

ICG PBPK

The Indocyanine green (ICG) PBPK model is the most complex and the most clinically relevant 
model that this approach encounters. This is an established and validated model of ICG distri
bution and hepatic elimination. It was developed to measure the ICG plasma concentration in 
different organ compartments [58]. Their main purpose is to aid on the accurate evaluation of 
liver function by dynamic live function tests (DLFTs).

These examinations are based on time-dependent elimination of test substances, which in turn 
provides a key tool for the assessments of the liver’s functions [59]. The ICG achieves this 
objective by bounding to plasma proteins, being eliminated only by the liver and excreted 
into the bile [60]. As it does not get reabsorbed by the intestinal tissue, it does not undergo 
enterohepatic circulation. Then, its concentration can be measured in invasive and non-invasive 
methods such as ex-vivo photometric measurement, which is the gold standard for determining 
the ICG plasma curve [61].

A key obstacle in DLFTs based on the elimination of test substances like ICG is the significant 
amount of inter-individual variability in their elimination [62]. For instance, subjects with liver 
disease have a reduced ICG elimination that can be altered by surgical interventions like partial 
hepatectomy. Additionally, factors like the amount of transport proteins (OTAP1B3), binding 
to plasma proteins and hepatic blood flow can influence ICG’s elimination.

Most of these factors are highly correlated with anthropometric factors such as age, sex and 
body weight. Age has a major effect in live function, flow and volume. Also, the susceptibility 
of live r disease increases with age [63]. Sex plays a role in liver function when other factors 
are controlled for [64]. In particular, body weight is of importance as there is a link between 
internal organ volumes and a subjects’ weight, meaning that the ICG elimination rate can be 
affected [65].

Hence, this PBPK model gives an opportunity to accurately model the ICG concentration 
curves in physiologically relevant compartments and the inter-individual variability of several 
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subjects. Specifically, the body weight and the liver volume would be varied on this model for 
this thesis’ objective.

Figure 8:  Indocyanine Green PBPK model schema. (A) Whole body PBPK model of ICG. (B) Liver submodel of ICG. 
Unlike Simple Chain and Simple PK, ICG PBPK compartments correspond to defined clinical spaces, where the drug goes through 

its ADME phases in parts [58].

Given the complexity of parameters and compartments, only parameters of body weight 𝐵𝑤 
and liver maximum volume 𝑉max are used for the Bayesian approach. As well, because there are 
several compartments that are available for data analysis, only 2 compartments are going to be 
concentrated

2.2. Bayesian Approach
The approach outlined on this thesis starts with the sampling of the “true” parameters, which 
are based on the parameter of the pharmacokinetics model. Second, the parameters are fed 
to a simulation process that outputs the concentration curves, also called time courses. Third, 
parameter priors are defined and recorded, in conjunction with the time courses, in a readable 
format. Fourth, a bayesian computational model uses the time courses and priors to sample 
posterior estimates of the parameters. Finally, the true sampling parameters and the posterior 
parameters are compared to answer if the Bayesian model was successful in retrieving the true 
sampling parameters.

Figure 9:  Outline of the Bayesian approach. It is a sequential approach that moves from sampling true parameters to estimate 
them using the simulated concentration time courses.
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For each of those steps, open-sourced software for reproducible research is used, which is already 
visible in Figure 9 above. The reasons for their inclusion are also described.

True Parameter Sampling

Before the pharmacokinetics models are defined and the optimizer is introduced, the approach 
must sample the parameters of interest for the models based on the groups of interest. In 
particular, this approach defines the common sex-based group: MALE and FEMALE, capital
ized for highlight.

To safeguard that the model parameters should always have a positive value, their distribution 
is decided to always follow a log normal distribution.

𝑓(𝑥|𝜇log, 𝜎log) = 1
𝑥𝜎log

√
2𝜋

exp
(
−

(ln 𝑥 − 𝜇log)
2

2𝜎2
log )

 (8)

where 𝜇log is the location parameter and 𝜎log is the scale parameter.

However, most of our parameters are on the linear scale. Hence, it is important to transform 
them into a log scale. This is really important specially to codify the location 𝜇log and scale 𝜎log 
parameter of Equation 8. The transformation is as follows:

𝜎log =
√



ln(1 + (𝜎
𝜇

)
2

), 𝜇log = ln(𝜇) −
𝜎2

log

2
(9)

where 𝜎 is the standard deviation of the parameter of interest and 𝜇 is the mean of the parameter 
of interest. Both are on the linear scale.

This distribution is a popular choice to describe the variability of pharmacokinetic parameters 
[66]. The main reason is that pharmacokinetic parameters are affected by multiplicative random 
influences, making their distribution often positively skewed in nature, which supports log 
transformation to restore normality [67].

SBML as Standardized Model Description

The System Biology Markup Language (SBML) is an XML-based representation format 
for storing and communicating computational models of biological processes [68]. With a 
widespread software support and a community of developers and users, SBML is an open 
standard that can represent different classes of biological phenomena. This includes cell signaling 
pathways, regulatory networks, metabolic networks and infectious diseases.

The SBML framework is very popular for researchers working, designing and implementing 
PBPK models. In it, a modeler can add physiological compartments, chemical reactions, specific 
model parameters and mathematical formulation that summarizes the system processes. For 
risk assessment, there are guidelines for documentation and evaluations of the models [69]. 
Finding an open source model written on the SBML standard is very accessible and requires 
to search it in one of the several publicly available databases like Biomodels [70].

It also possesses shared compatibility with several programming languages and framework. 
Statistical programming languages like R [71], numeric computing platforms like Matlab [53] 
and general-purpose programming languages like Python [72] all have support to read and create 
SBML models. As it allows to formulate ODE models, there is also several solvers that can read 
SBML models and find solutions to the model parameters given some initial condition [73].

libRoadRunner as ODE Model Solver

As an SBML solver, libRoadRunner is a high performance simulation engine for systems biology 
[74]. It is based on C++ and has interfaces for Python and Julia programming languages. This 
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software architecture makes is computationally fast and flexible, where extremely large models 
or repeated runs finish in reasonable timeframes.

It is specifically optimized for SBML-based models, where they are compiled directly into 
machine code using a just-in-time (JIT) compiler. Compared to other simulation solutions, the 
speed of its optimizer stands out and makes it suitable for large-scale simulation in emerging 
applications [75]. It is also has a community of developers from several research backgrounds 
and they also share interest in maintaining SBML models, giving confidence on the project’s 
continue longevity.

One common aspect when measuring concentrations in dynamic systems is the involvement of 
error sources, often from measurement devices. To account for these event, a noise function is 
added to the synthetic dataset from the solver, making the data closer to what it would look 
in a real-world scenario. The error is applied as follows:

̇𝑧 = 𝑧 + 𝑧 ⋅ 𝜈 ⋅ 𝑐, 𝜈 ∼ 𝑁(0, 1) (10)

where 𝑧 is the data without noise, 𝜈 is a sample from a random normal distribution and 𝑐 is a 
coefficient of variation.

So far, libRoadRunner solves an SBML ODE-based model fast once given a parameter set, 
resulting in concentration curves for each compartment of the PBPK model. Then, a noise 
function adds a degree of measurement noise to the generated data. Hence, a researcher can 
create several synthetic datasets while varying the model initial parameters. Now, the need for a 
recording strategy arises, where the initial parameters of the model and the simulated synthetic 
data are saved in an organized structure.

PEtab as Data Recorder

PEtab is a parameter estimation problem definition format for model and data specification 
[76]. It allows model development, simulation, optimization and uncertainty analysis in one 
format. Specifically, a researcher can define a set of table files where model paths, data observed 
and parameters of interest are defined. Then, an optimizer can read through this tabular format 
and map its parameters in an unambiguous way. This format serves as a connection between 
the model parameter, the synthetic dataset and the optimizer.

pyPESTO as Optimizer

In order to estimate the parameters from the synthetic datasets, pyPESTO offers a modular 
framework with scalable algorithms for estimation and uncertainty quantification [77]. Orginally 
developed for Matlab, it is now a Python-based tool that brings a broad spectrum of interfaced 
tools and modern methods.

It has a long list of global and local optimizers including, Fides [78], NLopt [79], Ipopt [80] 
and Scipy [81]. Moreover, it provides a multi-start globalization strategy, which works well 
for biological systems. Noise parameters and hierarchical optimization are also other features 
imbedded in the software.

The main reason that the approach outline here has gravitated towards pyPESTO is its 
uncertainty analysis capabilities. It provides Bayesian sampling algorithms specialized for ODE 
models with modular parallel tempering [82], acceptance rate based scale [83] and adaptive 
estimation of the correlation structure [84]. These features are really important for ODE models 
as the ODE needs to be solved inside the MCMC sampler for each sample [85] and there can 
be numerical instability when computing the likelihood gradients [86].
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2.3. Bayesian Model

Priors

One of the main advantages of a Bayesian approach is ability to incorporate prior scientific 
information directly into the model definition. Hence, for each of the parameters of interest of 
pharmacokinetic models, a prior distribution is defined.

To assess the influence of prior specification on this approach, three prior configurations were 
defined. In the Exact prior setting, the prior distribution parameters match those used to 
generate the true parameter values. In the Biased prior setting, the location and scale parameters 
deviate from the true values, though not substantially. In the Incorrect prior setting, the prior 
distribution parameters differ markedly from the true values, representing a scenario of severe 
prior misspecification.

For all cases, a zero truncated normal distribution is used to safeguard from drawing negative 
values during the sampling process.

Likelihood

In theory, the likelihood function could be any probability distribution. As the priors are linear 
and follow a truncated normal distribution, the suitable likelihood distribution for our purpose 
is a normal distribution, which is also a common choice in many Bayesian dynamical systems 
models [87].

This likelihood decision allows for adding process noise, which is a common concern in ODE 
based systems [43]. Many of those error sources combine and their sum is well approximated as 
Gaussian. Moreover, for nonlinear ODEs, normal priors and likelihood lead to posteriors that 
are amenable to Laplace approximations and gradient-based MCMC, which are the standard in 
dynamical systems inference. Also, ODE solvers uses nonlinear least squares, which is equivalent 
to the maximum likelihood estimation for the Gaussian distribution. Hence, it is fitting that a 
normal likelihood is used for this approach.

Bayesian Estimates and Sampler Diagnostics

Bayesian statistic offer several ways to analyze the posterior samples effectively. At its most 
basic, samples are a sequence where any sufficient statistic can be applied. However, due to our 
very specicfic application and data origins, the choice of statistic is one that has to be made 
carefully.

Moreover, for any approach that involves Bayesian computation, it is imperative to assess the 
quality of the sampling procedure. As MCMC can have several tuning parameters, there is 
a possibility of chains diverging or samples becoming correlated, which makes chains biased 
toward the true posterior samples.

As the parameter scale for the PK models presented is positive, the posterior median 𝜃 is a 
robust alternative to the posterior mean.

Let 𝜃1, …, 𝜃𝑚 be posterior samples of data 𝑦. Then, the posterior median 𝜃 is the 50th percentile 
of those samples.

𝑃(𝜃 ≤ 𝜃 | 𝑦) = 0.5 and equivalently 𝑃(𝜃 ≥ 𝜃 | 𝑦) = 0.5 (11)

To compute it in practice, the samples are ordered ascending sequentially as 𝜃(1), …, 𝜃(𝑚), where 
𝜃(1) is the first sample and 𝜃(𝑚) is the last sample. Then, the posterior sample median 𝜃 is 
defined as:

19



𝜃 =

{

𝜃(𝑚+1

2 ) if 𝑚 is odd
𝜃(𝑚

2 ) + 𝜃(𝑚
2 +1)

2
if 𝑚 is even

(12)

Unlike the posterior mean, this statistic is robust to outliers and data contamination, which 
both can be quite prevalent in the context of early clinical trials. Also, the true parameters 
distribution are in log normal, a skewed distribution where the median excels at finding its 
mode [88].

To measure the distance between the posterior sample median and true mean for each of the 
parameters, a simple statistic was devised for it. It measure the relative difference between the 
median and the true mean. The point bias 𝑏𝑝 is defined as:

𝑏𝑝 = 𝜃 − 𝜇
𝜇

, 𝑏𝑝 ∈ ℝ (13)

where 𝜃 is the sample median and 𝜇 is the true parameter mean.

Finally, one way to measure MCMC chain diagnostics is Effective Sample Size (ESS). It 
measures the amount by which autocorrelation within MCMC chains increases uncertainty in 
estimates [89]. It is a function of the actual draws 𝑁  of a chain and a measure of autocorrelation:

𝑁eff = 𝑁
1 + 2 ⋅ ∑∞

𝑡=1 𝜌𝑡
(14)

where 𝜌𝑡 is the autocorrelation of a sequence at different lags that increases to infinity.

Unfortunately, 𝜌𝑡 is an intractable integral, making ESS incalculable. Instead, a correlation 
estimate 𝜏  can be constructed for a finite sample size. For this implementation, pyPESTO 
uses the Sokal’s adaptive truncated periodogram estimator [90]. Then, the estimated effective 
sample size becomes:

𝑛̂eff = 𝑚 ⋅ 𝑛
1 + 2 ⋅ ∑𝑇

𝑡=1 𝜏𝑡
(15)

where 𝑚 are the number of chains, 𝑛 are the number of draws in a chain and 𝑇  are the amount 
of lags possible for 𝑛.
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3. Results
Within this thesis a reproducible parameter optimization approach applicable to a range of 
pharmacokinetic (PK) computational models was developed. The workflow was applied to three 
PK models of increasing complexity, from simple compartmental models to physiologically-
based pharmacokinetic (PBPK) models. The influence of key hyperparameters consisting of 
number of samples, timepoints, coefficient of variation and priors was studied (Table 1) on the 
three models.

Prior Types Samples Time points Coefficients of Variation

Exact 1 2 0

Biased 2 3 0.001

Incorrect 3 4 0.01

4 5 0.05

5 10 0.1

10 20 0.2

20 40 0.5

40 80 1.0

80 160

160

Table 1: Hyperparameters of the Bayesian Approach with their respective values. Each experiment is a realization of 
the hyperparameter values. The definition for prior types are found in Section 3.4.

To evaluate the effects that these hyperparameters have on the approach, 2160 simulation 
experiments are performed for each of the PK model. In total, 6480 experiments were carried 
out for the three models. Each experiment corresponds to a combination of the hyperparameters 
in Table 1. For example, a single experiment evaluates the simple chain model experiment with 
Exact prior type, 4 samples, 3 time points and 0.01 coefficient of variation.
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3.1. Number of Timepoints

Simple Chain
A B

C D

Figure 10: Effect of varying number of time points for the Simple Chain model. The time points for which data was 
generated were varied in {2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B, a subset of the results are analysed with prior type Exact (no 
bias), 5 samples, and a CV of 0.1 (n=8). For the analytic panels C and D, a subset of the results are analysed with prior type 
Exact (no bias) and all samples and CV combinations (n=720). (A) Box plot of the posterior samples of 𝑘1. In dashed lines, 
the true parameter value of 𝑘1 for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true 
parameter of 𝑘1. (C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain 

length 5000).

Fig 10.A presents boxplots of the posterior samples for parameter 𝑘1 in the Simple Chain model 
across varying numbers of timepoints (2 to 160) for both male and female groups, with true 
parameter values of 1.0 and 2.0, respectively. Across all timepoint levels, the median posterior 
estimates for the male group remained close to the true value of 1.0, while the female group 
medians were consistently near the true value of 2.0. The interquartile range of the posterior 
samples appeared to narrow slightly as the number of timepoints increased for both groups. 
Both groups exhibited numerous outliers extending well beyond the interquartile range, with 
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values reaching up to approximately 6.0 across all timepoint conditions. Overall, the posterior 
distributions for the male group appeared more concentrated around the true value compared 
to those of the female group, which displayed greater spread at all timepoint levels.

Fig 10.B presents histograms of the point bias distribution for parameter 𝑘1 in the Simple 
Chain model at four timepoint levels (2, 4, 10, and 40) for both male (blue) and female (red) 
groups. Both distributions peaked near zero across all timepoint levels, with the female distri
bution showing a slightly sharper peak closer to zero compared to the male distribution. The 
distributions were asymmetric, with long left tails extending to approximately −4 or −5, while 
being bounded near 1.0 on the right side. The overall shape and spread of both distributions 
remained similar across the different timepoint values. Substantial overlap between the male 
and female distributions was observed at all four timepoint levels.

Fig 10.C presents boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple Chain model across varying numbers of timepoints (2 to 160). The median log(Run
time), indicated by the red line, increased steadily from approximately 3.2 at 2 timepoints to 
approximately 5.6 at 160 timepoints. The interquartile ranges also widened progressively as the 
number of timepoints increased, with the largest spread observed at 80 and 160 timepoints. 
A small number of outliers were present at the lowest timepoint level of 2, while no outliers 
were visible at higher timepoint values. Overall, both the central tendency and variability of 
the log(Runtime) grew with increasing numbers of timepoints.

Fig 10.D presents violin plots of the Effective Sample Size (ESS) for the Simple Chain model 
across timepoint levels ranging from 2 to 160. The median ESS, indicated by the horizontal line 
within each violin, remained approximately constant at around 1700 across all timepoint levels. 
The majority of data points were concentrated in two regions: a dense cluster near 1700 and a 
secondary grouping near 2500, visible at every timepoint condition. The distributions spanned 
from approximately 1300 to 2700, with the lower tails reaching their most extreme values at 
3 and 160 timepoints. The overall shape and spread of the violins were consistent across all 
timepoint levels examined.
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Figure 11:  Effect of varying number of timepoints for the Simple PK model. The time points for which data was generated 
were varied in {2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B subset of results are analysed with prior type Exact (no bias), 5 samples, 
and a CV of 0.1 (n=8). For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and all 
samples and CV combinations (n=720). (A) Box plot of the posterior samples of 𝐶𝐿 and 𝑘. In dashed lines, the true parameter 
value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐶𝐿 and 𝑘. 
(C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).
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At a glance, Fig 11.A presents boxplots of the posterior samples for parameters 𝐶𝐿 (left panel) 
and 𝑘 (right panel) in the Simple PK model across varying numbers of timepoints for male 
and female groups. For 𝐶𝐿, the male median posterior estimates remained close to the true 
value across all timepoint levels, while the female medians were consistently above their true 
value of 0.5. For 𝑘, the female medians remained near their true value, while the male medians 
were consistently above their true value of 0.5. Both parameters exhibited outliers reaching 
up to approximately 5.0 across all timepoint levels for both groups. The interquartile ranges 
for both parameters and both groups remained relatively stable across the range of timepoints 
examined.

Fig 11.B displays histograms of the point bias distribution for parameters 𝐶𝐿 (left panels) and 𝑘 
(right panels) in the Simple PK model at four timepoint levels for male (blue) and female (red) 
groups. For 𝐶𝐿, the male distribution peaked near zero across all timepoint levels, while the 
female distribution was shifted further to the left, with its peak located between approximately 
−1 and 0. For 𝑘, the pattern was reversed: the female distribution peaked closer to zero, whereas 
the male distribution was displaced toward more negative values. Both parameters exhibited 
long left tails extending to approximately −6 to −9, with the distributions bounded near 1.0 on 
the right side. The overall shape and spread of the distributions for both parameters remained 
largely consistent across the four timepoint levels, with substantial overlap between the male 
and female groups at each level.

Fig 11.C displays boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple PK model at timepoint levels ranging from 2 to 160. The median log(Runtime) rose 
gradually from approximately 3.5 at 2 timepoints to approximately 6.0 at 160 timepoints. A 
progressive widening of the interquartile ranges accompanied this increase, with the narrowest 
boxes observed at 2 and 3 timepoints and the widest at 80 and 160 timepoints. No outliers were 
visible at any of the timepoint levels. The overall pattern of increasing central tendency and 
spread closely resembled that observed in the Simple Chain model, though the median values 
were slightly higher at each corresponding timepoint level.

Fig 11.D displays violin plots of the Effective Sample Size for the Simple PK model across 
timepoint levels from 2 to 160. The median ESS remained stable across all timepoint conditions, 
with the bulk of the data points densely concentrated around the median region. Scattered 
individual points extended toward higher and lower values at every timepoint level, with the 
upper extremes reaching above 2000 and the lower extremes falling below 500 in several cases. 
The violins were widest around the median, tapering at both ends, and maintained a consistent 
shape throughout all conditions.
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Figure 12:  Effect of varying number of timepoints for the ICG PBPK model. The time points for which data was 
generated were varied in {2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B subset of results are analysed with prior type Exact (no bias), 
5 samples, and a CV of 0.1 (n=8). For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) 
and all samples and CV combinations (n=720). (A) Box plot of the posterior samples of 𝐵𝑤 and 𝑉max. In dashed lines, the true 
parameter value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 
𝐵𝑤 and 𝑉max. (C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain 

length 5000).
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Fig 12.A presents boxplots of the posterior samples for parameters 𝐵𝑤 (left panel) and 𝑉max 
(right panel) in the ICG PBPK model across varying numbers of timepoints for male and 
female groups. For 𝐵𝑤, the median posterior estimates for both groups remained close to 
their respective true values across all timepoints levels, with both groups displaying substantial 
overlap in their interquartile ranges throughout. For 𝑉max, the male and female median estimates 
were close to one another across all timepoints levels, with considerable overlap between the 
two distributions. Both parameters exhibited outliers across all timepoints conditions, with 𝐵𝑤 
outliers ranging from approximately 20 to 120 and 𝑉max outliers extending from near 0.0 to 
approximately 0.08. The interquartile ranges for both parameters and both groups remained 
relatively consistent across all timepoint levels.

Fig 12.B illustrates the point bias distributions for parameters 𝐵𝑤 (left panels) and 𝑉max (right 
panels) in the ICG PBPK model across four timepoint levels (2, 4, 10, and 40), with male 
(blue) and female (red) groups shown in each panel. Both parameters produced approximately 
symmetric distributions centered near zero at all timepoint levels, in contrast to the skewed 
distributions observed in the previous models. The 𝐵𝑤 distributions spanned a range of 
approximately −0.6 to 0.6, while 𝑉max exhibited a wider range extending from roughly −1.5 to 
1.0. The male and female distributions for both parameters overlapped almost entirely, with 
their peaks closely aligned near zero across all four timepoint conditions. No notable changes in 
the shape or spread of the distributions were observed as the number of timepoints increased 
from 2 to 40.

Fig 12.C shows boxplots of the log-transformed runtime of the Bayesian MCMC sampler for the 
ICG PBPK model across timepoint values from 2 to 160. Median log(Runtime) increased from 
approximately 3.9 at 2 timepoints to approximately 6.5 at 160 timepoints. The interquartile 
ranges expanded as the number of timepoints grew, with the most compact boxes at 2 and 3 
timepoints and the broadest at 80 and 160 timepoints. Outliers were present at the 2 and 3 
timepoint levels, appearing above the upper whiskers, while no outliers were observed at the 
remaining levels. Compared to both the Simple Chain and Simple PK models, the ICG PBPK 
model exhibited higher median log(Runtime) values at each corresponding timepoint level.

Fig 12.D presents violin plots of the Effective Sample Size for the ICG PBPK model across 
timepoint levels from 2 to 160. The median ESS was stable across all conditions, situated around 
1550. The majority of data points were concentrated near the median, with a secondary cluster 
of points visible near 2500 at every timepoint level. The lower tails of the distributions extended 
to approximately 1000 at their most extreme, while the upper values reached above 2600. The 
shape of the violins remained consistent across all timepoint levels, with the widest portion 
centered around the median region.
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Figure 13:  Effect of varying number of samples for the Simple Chain model. The samples for which data was generated 
were varied in {1, 2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B subset of results are analysed with prior type Exact (no bias), 5 time 
points, and a CV of 0.1 (n=8). For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and 
all time points and CV combinations (n=720). (A) Box plot of the posterior samples of 𝑘1. In dashed lines, the true parameter 
value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝑘1 (C) Box 

plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).

Fig 13.A presents boxplots of the posterior samples for parameter 𝑘1 in the Simple Chain 
model across varying numbers of samples for male and female groups. The median posterior 
estimates for the male group remained close to the true value across all sample sizes, while the 
female group medians were consistently near their true value. Both groups displayed outliers 
reaching up to approximately 6.0 across all sample size conditions. The interquartile ranges for 
both groups remained relatively stable across the range of samples examined. The male group 
distributions were consistently more concentrated around lower values compared to the female 
group distributions across all sample sizes.
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Fig 13.B shows histograms of the point bias distribution for parameter 𝑘1 in the Simple Chain 
model across four sample sizes for male (blue) and female (red) groups. At all sample sizes, both 
distributions peaked near zero, with the female distribution consistently exhibiting a sharper 
peak closer to zero than the male distribution. The distributions were right-bounded near 1.0 
and displayed long left tails extending to approximately −3 to −5. Considerable overlap between 
the male and female groups was present at each sample size level. The shape, spread, and overall 
range of both distributions remained largely unchanged across the four sample sizes examined.

Fig 13.C presents boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple Chain model across sample sizes ranging from 1 to 160. The median log(Runtime) 
increased from approximately 3.2 at 1 sample to approximately 6.1 at 160 samples. The 
interquartile ranges were narrowest at 1 and 2 samples and widest at 80 and 160 samples. 
No outliers were observed at any of the sample size levels. The upper whiskers extended from 
approximately 3.7 at 1 sample to approximately 7.5 at 160 samples.

Fig 13.D displays violin plots of the Effective Sample Size for the Simple Chain model across 
sample sizes ranging from 1 to 160. The median ESS remained constant across all sample sizes, 
positioned around 1700. Data points were concentrated in two distinct regions at every sample 
size: a dense cluster around the median and a secondary grouping near 2550. The lower tails 
extended to their most extreme values at sample sizes of 2, 4, and 40, reaching below 1300, 
while the upper extremes consistently fell near 2650 across all conditions. The overall shape 
and spread of the violins did not vary notably across the range of sample sizes examined.
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Figure 14:  Effect of varying number of samples for the Simple PK model. The samples for which data was generated were 
varied in {1, 2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B subset of results are analysed with prior type Exact (no bias), 5 time points, 
and a CV of 0.1 (n=8). For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and all time 
points and CV combinations (n=720). (A) Box plot of the posterior samples of 𝐶𝐿 and 𝑘. In dashed lines, the true parameter 
value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐶𝐿 and 𝑘. 
(C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).
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Fig 14.A displays the distribution of posterior samples for parameters 𝐶𝐿 (left panel) and 𝑘 
(right panel) in the Simple PK model as the number of samples varies from. In the left panel, 
male medians were situated near the true value at all sample sizes, whereas female medians 
consistently fell above their reference value. A similar pattern was observed in the right panel 
for 𝑘, where female medians aligned with their true value, while male medians were positioned 
above 0.5 throughout all conditions. Outliers were present for both parameters across all sample 
sizes, extending up to approximately 5.0 for both groups. No notable changes in the spread of 
the interquartile ranges were observed for either parameter as the number of samples increased 
from 1 to 160.

Fig 14.B depicts the point bias distributions for parameters 𝐶𝐿 (left panels) and 𝑘 (right panels) 
in the Simple PK model across four sample sizes for male (blue) and female (red) groups. For 
𝐶𝐿, the male distribution peaked near zero at all sample sizes, while the female distribution 
was shifted toward more negative values, with its peak located between approximately −1 and 
0. The reverse was observed for 𝑘, where the female distribution peaked closer to zero and 
the male distribution was displaced toward negative values. All distributions exhibited long 
left tails, extending to approximately −7 to −8, and were bounded near 1.0 on the right. The 
overall shape and range of the distributions for both parameters did not change notably across 
the four sample sizes.

Fig 14.C displays boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple PK model across sample sizes from 1 to 160. The median log(Runtime) ranged from 
approximately 3.5 at 1 sample to approximately 6.5 at 160 samples. The interquartile ranges 
were narrowest at the lower sample sizes of 1 and 2, and widest at 80 and 160 samples. No 
outliers were present at any sample size level. The lower whiskers spanned from approximately 
3.0 at 1 sample to approximately 5.5 at 160 samples, while the upper whiskers reached from 
approximately 4.8 at 1 sample to approximately 8.8 at 160 samples.

Fig 14.D shows violin plots of the Effective Sample Size for the Simple PK model across sample 
sizes from 1 to 160. The median ESS was stable across all conditions, located around 1100. The 
bulk of the data points were densely packed around the median region, with scattered individual 
points extending toward higher and lower values at every sample size. The upper extremes 
reached above 2300 at most sample sizes, while the lower tails descended to values between 
approximately 400 and 600. The violins maintained a consistent shape across all sample sizes, 
with the widest portion situated around the median.
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Figure 15:  Effect of varying number of samples for the ICG PBPK model. The samples for which data was generated 
were varied in {1, 2, 3, 4, 5, 10, 20, 40, 80, 160}. For A and B subset of results are analysed with prior type Exact (no bias), 5 time 
points, and a CV of 0.1 (n=8). For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and 
all time points and CV combinations (n=720). (A) Box plot of the posterior samples of 𝐵𝑤 and 𝑉max. In dashed lines, the true 
parameter value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 
𝐵𝑤 and 𝑉max. (C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain 

length 5000).
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Fig 15.A shows the posterior sample distributions for parameters 𝐵𝑤 (left panel) and 𝑉max 
(right panel) in the ICG PBPK model across sample sizes ranging from 1 to 160. For 𝐵𝑤, the 
median estimates for both groups were situated near their respective reference values across all 
conditions, though considerable overlap between the two distributions was present throughout. 
In the right panel, 𝑉max medians of both groups were close together at all sample sizes, with the 
male and female interquartile ranges largely overlapping. Outliers spanned from approximately 
20 to 120 for 𝐵𝑤 and from near 0.0 to 0.08 for 𝑉max, and were observed at every sample size 
level for both groups. The width of the interquartile ranges for both parameters showed no 
substantial variation as the number of samples increased.

Fig 15.B characterizes the point bias distributions for parameters 𝐵𝑤 (left panels) and 𝑉max 
(right panels) in the ICG PBPK model at sample sizes of 1, 3, 5, and 20, with male (blue) 
and female (red) groups overlaid in each panel. The 𝐵𝑤 histograms formed roughly bell-shaped 
distributions concentrated around zero, spanning from approximately −0.6 to 0.6, while the 
𝑉max distributions covered a broader interval from roughly −1.0 to 1.0. Across all sample sizes, 
the peaks of both group distributions were closely aligned near zero for both parameters. The 
male and female histograms were nearly indistinguishable in their coverage and height at every 
sample size condition. Neither the distributional form nor the range of values exhibited any 
marked differences as the number of samples varied from 1 to 20.

Fig 15.C shows boxplots of the log-transformed runtime of the Bayesian MCMC sampler for the 
ICG PBPK model across sample sizes from 1 to 160. The median log(Runtime) increased from 
approximately 3.9 at 1 sample to approximately 6.9 at 160 samples. The interquartile ranges 
were most compact at sample sizes of 1 through 5 and expanded at higher sample sizes, with 
the broadest boxes at 80 and 160. A single outlier was observed above the upper whisker at 
a sample size of 1, while no outliers were present at the remaining levels. The upper whiskers 
extended from approximately 4.5 at 1 sample to approximately 8.5 at 160 samples, and the 
lower whiskers ranged from approximately 3.5 at 1 sample to approximately 5.5 at 160 samples.

Fig 15.D presents violin plots of the Effective Sample Size for the ICG PBPK model across 
sample sizes ranging from 1 to 160. The median ESS remained steady at approximately 1550 
throughout all sample size conditions. A secondary cluster of data points was visible near 2500 
at every sample size, separated from the main concentration around the median. The lower 
extremes of the distributions reached down to approximately 1000, most notably at sample 
sizes of 1 and 80. The violin shapes were uniform across all sample sizes, with the broadest 
portion centered near the median and narrow tails extending toward both ends.
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3.3. Coefficient of Variation
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Figure 16:  Effect of varying the coefficient of variation for the Simple Chain model. The CV for which data was 
generated were varied in {0, 0.001, 0.01, 0.05, 0.1, 0.2, 0.5, 1}. For A and B subset of results are analysed with prior type Exact (no 
bias), 5 time points, and 5 samples. For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) 
and all time points and samples (n=720). (A) Box plot of the posterior samples of 𝑘1. In dashed lines, the true parameter value 
for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝑘1 (C) Box plot of 

optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).

Fig 16.A presents boxplots of the posterior samples for parameter 𝑘1 in the Simple Chain model 
across varying levels of the coefficient of variation for male and female groups. The male median 
estimates were positioned near the true value at all coefficient of variation levels, and similarly, 
the female medians remained close to their true value throughout. Outliers were observed 
for both groups at every level, reaching up to approximately 7.0 at the highest coefficient of 
variation. The interquartile ranges for both groups remained relatively consistent across the 
lower coefficient of variation values, with a slight widening visible at 0.5 and 1.0. The female 
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group consistently exhibited a wider spread in its posterior samples compared to the male group 
across all conditions.

Fig 16.B presents the point bias distributions for parameter 𝑘1 in the Simple Chain model 
at four coefficient of variation levels (0.1, 0.2, 0.5, and 1.0) for male (blue) and female (red) 
groups. Both groups exhibited their highest density near zero across all levels, with the female 
distribution maintaining a more pronounced peak than the male distribution throughout. The 
left tails of both distributions extended to approximately −3 to −4, while the right side remained 
bounded near 1.0 at every coefficient of variation level. The male distribution seems flat in all 
the coefficient of variation conditions studied, while the female distribution retained a relatively 
sharp peak. Overlap between the two groups was evident at all levels, though the degree of 
separation between their peaks appeared to increase at the highest coefficient of variation value.

Fig 16.C presents boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple Chain model across coefficient of variation levels ranging from 0.0 to 1.0. The median 
log(Runtime) remained approximately constant at around 4.0 across all coefficient of variation 
levels. The interquartile ranges were similarly consistent, spanning roughly from 3.5 to 5.0 at 
each level. Outliers were present above the upper whiskers at most coefficient of variation levels, 
reaching values of approximately 7.5 to 8.3. The lower whiskers extended to approximately 2.8 
to 3.0 across all conditions.

Fig 16.D displays violin plots of the Effective Sample Size for the Simple Chain model across 
coefficient of variation levels from 0.0 to 1.0. The median ESS was consistent across all levels, 
located around 1700. Data points were grouped into two distinct clusters at every condition: 
a primary concentration near the median and a secondary grouping near 2550. The lower 
tails reached their most extreme values at coefficient of variation levels of 0.0, 0.001, and 0.1, 
descending to approximately 1300. The violins at 0.5 and 1.0 appeared slightly narrower than 
those at the lower coefficient of variation levels, though the overall distributional shape remained 
similar across all conditions.
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Figure 17:  Effect of varying the coefficient of variation for the Simple PK model. The CV for which data was generated 
were varied in {0, 0.001, 0.01, 0.05, 0.1, 0.2, 0.5, 1}. For A and B subset of results are analysed with prior type Exact (no bias), 5 
time points, and 5 samples. For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and all 
time points and samples (n=720). (A) Box plot of the posterior samples of 𝐶𝐿 and 𝑘. In dashed lines, the true parameter value 
for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐶𝐿 and 𝑘. (C) Box 

plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).
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Fig 17.A depicts the posterior sample distributions for parameters 𝐶𝐿 (left panel) and 𝑘 (right 
panel) in the Simple PK model as the coefficient of variation varies. For 𝐶𝐿, male medians 
were located near the true value across all levels, while female medians remained consistently 
above their reference value. In the right panel, female medians were close to 1.0 at all levels, 
whereas male medians were situated above their true value throughout. Outliers extended up to 
approximately 5.0 for both parameters and were present at every coefficient of variation level. 
The interquartile ranges for both parameters and groups appeared to widen at higher coefficient 
of variation values.

Fig 17.B shows the point bias distributions for parameters 𝐶𝐿 (left panels) and 𝑘 (right panels) 
in the Simple PK model across four coefficient of variation levels for male (blue) and female 
(red) groups. For 𝐶𝐿, the male distribution peaked near zero while the female distribution was 
displaced toward negative values at all levels; similarly for 𝑘, the female distribution peaked 
closer to zero while the male distribution was shifted to the left. Both parameters produced 
long left tails at every coefficient of variation level, with the tails extending to approximately 
−6 to −8, and all distributions were bounded near 1.0 on the right side. At a coefficient of 
variation of 1.0, both parameters exhibited a more uniform spread of values across the negative 
range compared to the lower coefficient of variation conditions, where the distributions were 
more concentrated near their peaks. The separation between the male and female distributions 
remained consistent for both parameters across all four levels.

Fig 17.C depicts boxplots of the log-transformed runtime of the Bayesian MCMC sampler 
for the Simple PK model at coefficient of variation levels from 0.0 to 1.0. The medians were 
stable across all levels, situated around the same value with no discernible trend. Similarly, the 
interquartile ranges remained relatively uniform throughout the different conditions. Outliers 
appeared above the upper whiskers at several coefficient of variation levels, with the highest 
reaching close to 9.0. The overall spread of the distributions, as captured by the whiskers, did 
not differ markedly across the range of coefficient of variation values examined.

Fig 17.D presents violin plots of the Effective Sample Size for the Simple PK model across 
coefficient of variation levels from 0.0 to 1.0. The median ESS was stable at approximately 1100 
across all conditions. The data points were primarily concentrated around the median, with 
individual points scattered toward higher and lower values at every level. The upper extremes 
reached above 2000 at most coefficient of variation levels, while the lower tails descended to 
values between approximately 400 and 600. The violin at 0.5 appeared wider than those at other 
levels, though the overall shape and central tendency of the distributions remained consistent 
throughout.
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Figure 18:  Effect of varying the coefficient of variation for the ICG PBPK model. The CV for which data was generated 
were varied in {0, 0.001, 0.01, 0.05, 0.1, 0.2, 0.5, 1}. For A and B subset of results are analysed with prior type Exact (no bias), 5 
time points, and 5 samples. For the analytic panels C and D subset of results are analysed with prior type Exact (no bias) and 
all time points and samples (n=720). (A) Box plot of the posterior samples of 𝐵𝑤 and 𝑉max. In dashed lines, the true parameter 
value for MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐵𝑤 and 𝑉max. 
(C) Box plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).
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Fig 18.A illustrates the posterior sample distributions for parameters 𝐵𝑤 (left panel) and 𝑉max 
(right panel) in the ICG PBPK model across coefficient of variation levels ranging from 0.0 
to 1.0. For 𝐵𝑤, both groups had median estimates positioned near their respective true values 
at all levels, with substantial overlap between the male and female distributions throughout. 
In the right panel, the male and female medians for 𝑉max were situated close to each other 
across all coefficient of variation levels, with the interquartile ranges of both groups largely 
overlapping. Outliers ranged from approximately 20 to 120 for 𝐵𝑤 and from near 0.0 to 0.08 
for 𝑉max, appearing at every level for both groups. The spread of the interquartile ranges for 
both parameters did not vary substantially across the different coefficient of variation levels.

Fig 18.B portrays the point bias distributions for parameters 𝐵𝑤 (left panels) and 𝑉max (right 
panels) in the ICG PBPK model at different coefficient of variation values with male (blue) 
and female (red) groups overlaid. For 𝐵𝑤, the distributions were approximately symmetric and 
centered near zero at all levels, ranging from roughly −0.6 to 0.6. The 𝑉max distributions spanned 
a wider interval, from approximately −1.0 to 1.0, and were also concentrated around zero 
throughout. The male and female histograms nearly completely overlapped for both parameters 
at every coefficient of variation level. No discernible changes in the shape, spread, or central 
tendency of the distributions were observed across the four coefficient of variation conditions.

Fig 18.C illustrates boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the ICG PBPK model across coefficient of variation levels from 0.0 to 1.0. The median values 
were consistent across all conditions, remaining at approximately the same level throughout. 
The interquartile ranges were comparable at every coefficient of variation level, with the boxes 
spanning a similar extent in each case. Outliers were observed above the upper whiskers at 
most levels, reaching values near 9.0. The coefficient of variation at 0.001 displayed a slightly 
narrower box and lower upper whisker compared to the other conditions.

Fig 18.D illustrates violin plots of the Effective Sample Size for the ICG PBPK model across 
coefficient of variation levels from 0.0 to 1.0. The median ESS was situated around 1550 for 
levels 0.0 through 0.5, while at 1.0 the median was noticeably lower at approximately 1400. 
The secondary cluster of data points near 2500 was present at all levels from 0.0 to 0.5 but 
was absent at 1.0. At a coefficient of variation of 1.0, the violin was notably smaller and more 
compact, with data points concentrated between approximately 1000 and 1300, along with the 
lower median. The lower extremes of the distributions reached approximately 1000 at coefficient 
of variation levels 0.001 and 1.0.
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3.4. Prior Type

Simple Chain

Parameter Group Prior Type 𝜇 𝜎

Exact 1 1

Biased 2 2

Male

Incorrect 5 1

Exact 2 1

Biased 3 2

𝑘1

Female

Incorrect 6 1

Table 2: Description of Prior types for the Simple Chain model. Exact is the same distribution as the true parameter 
distribution, Biased is a partially informed prior to be close to Exact and Incorrect is a misleading prior to be quite distant from 

Exact.

A B

C D

Figure 19:  Effect of varying number of prior types for the Simple Chain model. The prior types for which data was 
generated were varied with prior type Exact (no bias), Biased and Incorrect. The parameter 𝑘1 was optimized for the two groups 
MALE (blue) and FEMALE (red). For A and B subset of results are analysed with for 5 samples, 5 time points and a CV of 0.1 
(n=3). For the analytic panels C and D subset of results are analysed with all prior types, timepoints, samples and CV combinations 
(n=2160). (A) Box plot of the posterior samples of 𝑘1. In dashed lines, the true parameter value of 𝑘1 for MALE and FEMALE. 
(B) Histogram of point biases between posterior sample median and the true parameter of 𝑘1. (C) Box plot of optimization 

runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).
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Fig 19.A presents boxplots of the posterior samples for parameter 𝑘1 in the Simple Chain model 
across three prior types — Exact, Biased, and Incorrect — for male and female groups. Under 
the Exact prior, the medians for both groups were positioned close to their true values, with 
relatively narrow interquartile ranges. The Biased prior yielded higher median estimates for 
both groups compared to the Exact prior, along with wider interquartile ranges and outliers 
reaching up to approximately 10.5 for the male group. Under the Incorrect prior, both male 
and female medians were shifted well above their respective true values, with the male median 
near 5.0 and the female median near 5.5. Overall, both the central tendency and the spread of 
the posterior distributions increased progressively from the Exact to the Biased to the Incorrect 
prior type.

Under the Exact prior (bottom panel), Fig 19.B reveals that both the male (blue) and female 
(red) point bias distributions for parameter 𝑘1 in the Simple Chain model peaked near zero, 
with left tails extending to approximately −4. When the Biased prior was applied, both distri
butions shifted substantially toward more negative values, with the male distribution centered 
around −3 and the female around −1, while the left tails reached approximately −8. The most 
pronounced displacement was observed under the Incorrect prior, where the male distribution 
peaked near −4 and the female near −2, with minimal overlap between the two groups compared 
to the other prior types. Across all three conditions, the distributions remained right-bounded 
near 1.0. A progressive separation between the male and female distributions, as well as a shift 
of both groups away from zero, was evident when moving from the Exact to the Biased to the 
Incorrect prior.

Fig 19.C presents boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the Simple Chain model across three prior types: Incorrect, Biased, and Exact. The medians for 
all three conditions were closely aligned, falling near 4.0. The interquartile ranges were similar 
across the three prior types, with the Biased prior displaying a marginally taller box than the 
other two. Outliers were present above the upper whiskers for all three conditions, clustering 
between approximately 8.0 and 8.5. The lower whiskers extended to comparable values across 
the three prior types, reaching down to approximately 2.7 to 3.0.

Fig 19.D displays violin plots of the Effective Sample Size for the Simple Chain model across 
three prior types: Incorrect, Biased, and Exact. The median ESS for the Incorrect and Biased 
priors was approximately 1700, while the Exact prior had a slightly higher median near 1775. 
All three distributions featured two clusters of data points: a primary concentration around the 
median region and a secondary grouping near 2550. The lower tails of the Incorrect and Biased 
priors extended to approximately 1300 and 1250, respectively, whereas the Exact prior had a 
higher lower extreme near 1500. The upper extremes reached approximately 2700 for all three 
prior types.
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Simple PK

Parameter Group Prior Type 𝜇 𝜎

Exact 0.5 1

Biased 1.5 1.5

Male

Incorrect 5 1

Exact 1 1

Biased 2.0 1.5

𝑘

Female

Incorrect 6 1

Exact 1 1

Biased 1.5 1.5

Male

Incorrect 4 1

Exact 0.5 1

Biased 1.0 1.5

𝐶𝐿

Female

Incorrect 3 1

Table 3: Description of Prior types for the Simple PK Model. Exact is the same distribution as the true parameter 
distribution, Biased is a partially informed prior to be close to Exact and Incorrect is a misleading prior to be quite distant from 

Exact.
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Figure 20:  Effect of varying prior types for the Simple PK model. The prior types for which data was generated were 
varied with prior type Exact (no bias), Biased and Incorrect. For A and B subset of results are analysed with 5 time points, 5 
samples and a CV of 0.1 (n=3). For the analytic panels C and D subset of results are analysed with all prior types, time points, 
samples and CVs (n=2160). (A) Box plot of the posterior samples of 𝐶𝐿 and 𝑘. In dashed lines, the true parameter value for 
MALE and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐶𝐿 and 𝑘. (C) Box 

plot of optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).

Fig 20.A displays the posterior sample distributions for parameters 𝐶𝐿 (left panel) and 𝑘 (right 
panel) in the Simple PK model across three prior types: Exact, Biased, and Incorrect. For 𝐶𝐿, 
the Exact prior produced medians close to the true values for both groups, while the Biased 
and Incorrect priors resulted in progressively higher medians and wider interquartile ranges. 
A comparable pattern was observed for 𝑘, where the true values are 0.5 for males and 1.0 
for females; under the Exact prior, medians were near the true values, whereas the Biased 
prior shifted both group medians upward, and the Incorrect prior further elevated them to 
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approximately 5.5 for males and 5.8 for females. The range of outliers also increased across prior 
types for 𝑘, extending up to approximately 10.5 under the Incorrect prior. For both parameters, 
the degree of separation between the male and female distributions diminished under the Biased 
and Incorrect priors relative to the Exact prior.

Fig 20.B displays the point bias distributions for parameters 𝐶𝐿 (left panels) and 𝑘 (right panels) 
in the Simple PK model across three prior types: Exact, Biased, and Incorrect. Under the Exact 
prior, both parameters showed distributions with their peaks situated near zero, with left tails 
reaching approximately −6 for both 𝐶𝐿 and 𝑘. The Biased prior shifted both group distributions 
toward more negative values for each parameter, with left tails extending to roughly −10 for 
𝐶𝐿 and −8 for 𝑘. The largest displacement from zero occurred under the Incorrect prior, where 
the 𝐶𝐿 distributions extended to approximately −10 and the 𝑘 distributions reached as far as 
−16, with both male and female peaks located well below zero. Across both parameters, the 
gap between the male and female distributions widened progressively from the Exact to the 
Biased to the Incorrect prior, while the overall range of values also expanded.

Fig 20.C displays boxplots of the log-transformed runtime of the Bayesian MCMC sampler 
for the Simple PK model under three prior types: Incorrect, Biased, and Exact. The median 
log(Runtime) was approximately 4.4 for the Incorrect and Biased priors and slightly lower at 
around 4.3 for the Exact prior. The Biased prior exhibited the widest interquartile range of the 
three, while the Incorrect and Exact priors had comparable box widths. Outliers appeared above 
the upper whiskers for the Incorrect and Exact priors, reaching approximately 8.8, whereas no 
outliers were observed for the Biased prior. The lower whiskers extended to similar values across 
all three conditions, reaching approximately 2.8 to 3.0.

Fig 20.D presents violin plots of the Effective Sample Size for the Simple PK model across 
three prior types: Incorrect, Biased, and Exact. The Exact prior exhibited the highest median 
ESS at approximately 1500, while the Incorrect and Biased priors had lower medians near 
1075 and 1125, respectively. The Exact prior also displayed a notably different distributional 
shape, with data points concentrated in two compact clusters around 1250 and 1550, and a 
narrower overall spread. The Incorrect and Biased priors showed wider violins with data points 
more dispersed across the range, and their lower tails extended to approximately 400 and 250, 
respectively, compared to the Exact prior’s lower extreme near 1100. All three prior types had 
upper extremes reaching approximately 2550.
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ICG PBPK

Parameter Group Prior Type 𝜇 𝜎

Exact 75 10

Biased 60 20

Male

Incorrect 10 10

Exact 65 10

Biased 50 20

𝐵𝑤

Female

Incorrect 30 10

Exact 0.037 0.01

Biased 0.1 0.1

Male

Incorrect 1 0.01

Exact 0.029 0.01

Biased 0.09 0.1

𝑉max

Female

Incorrect 0.8 0.01

Table 4: Description of Prior types for the ICG PBPK model. Exact is the same distribution as the true parameter 
distribution, Biased is a partially informed prior to be close to Exact and Incorrect is a misleading prior to be quite distant from 

Exact.
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Figure 21:  Effect of varying the prior types for the ICG PBPK model. The prior types for which data was generated 
were varied with prior type Exact (no bias), Biased and Incorrect. For A and B subset of results are analysed with 5 time points, 
5 samples and a CV of 0.1 (n=3). For the analytic panels C and D subset of results are analysed with all prior types, time points 
and samples (n=2160). (A) Box plot of the posterior samples of 𝐵𝑤 and 𝑉max. In dashed lines, the true parameter value for MALE 
and FEMALE. (B) Histogram of point biases between posterior samples and the true parameter of 𝐵𝑤 and 𝑉max. (C) Box plot of 

optimization runtime. (D) Effective Sample Size violin plot of the Bayesian sampler chains (chain length 5000).

Fig 21.A shows the posterior sample distributions for parameters 𝐵𝑤 (left panel) and 𝑉max (right 
panel) in the ICG PBPK model across three prior types: Exact, Biased, and Incorrect. For 𝐵𝑤, 
the Exact prior produced medians near the true values for both groups, while the Biased prior 
shifted both medians downward to approximately 55, and the Incorrect prior further reduced 
them to approximately 10 for males and 30 for females. In contrast, 𝑉max showed medians close 
to the true values under the Exact prior, elevated medians under the Biased prior with wider 
interquartile ranges, and substantially higher medians under the Incorrect prior — reaching 
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approximately 0.95 for males and 0.80 for females. For both parameters, the Incorrect prior 
produced the largest deviation of the medians from the true values, with the male and female 
distributions becoming more separated compared to the Exact and Biased conditions. The 
interquartile ranges varied notably across prior types, with 𝐵𝑤 displaying the widest spread 
under the Exact prior and 𝑉max under the Biased prior.

Fig 21.B presents the point bias distributions for parameters 𝐵𝑤 (left panels) and 𝑉max (right 
panels) in the ICG PBPK model under three prior types: Exact, Biased, and Incorrect. With 
the Exact prior, both parameters yielded distributions centered near zero for both male (blue) 
and female (red) groups, with 𝐵𝑤 spanning approximately −0.6 to 0.4 and 𝑉max ranging from 
roughly −1.0 to 1.0. Under the Biased prior, the 𝐵𝑤 distributions broadened to approximately 
−1.0 to 1.0 while remaining near zero, whereas 𝑉max shifted considerably toward negative values 
with peaks around −4 to −5. The Incorrect prior produced the most pronounced deviations from 
zero for both parameters: 𝐵𝑤 distributions were displaced entirely into positive territory, with 
the male group peaking near 0.85 and the female near 0.5, while 𝑉max distributions were shifted 
far into negative values, centered around −26. Notably, the Incorrect prior also introduced 
a clear separation between the male and female distributions for 𝐵𝑤, while for 𝑉max the two 
groups remained largely overlapping despite the extreme shift from zero.

Fig 21.C shows boxplots of the log-transformed runtime of the Bayesian MCMC sampler for 
the ICG PBPK model across three prior types: Incorrect, Biased, and Exact. The medians 
were nearly identical for all three conditions, situated around 4.8. The interquartile ranges 
were comparable across the three prior types, spanning from roughly 4.0 to 6.0. Outliers were 
observed above the upper whiskers for all three conditions, reaching approximately 9.0. The 
lower whiskers extended to approximately 3.0 for each prior type.

Fig 21.D illustrates violin plots of the Effective Sample Size for the ICG PBPK model across 
three prior types: Incorrect, Biased, and Exact. The Incorrect prior had the highest median ESS 
at approximately 1550, followed by the Exact prior near 1450, and the Biased prior with the 
lowest median around 1200. The Incorrect prior displayed a relatively compact main distribution 
with a secondary cluster near 2500, while the Biased prior exhibited a wider spread of data 
points between approximately 900 and 1600, with scattered points extending upward to 2550. 
The Exact prior showed the broadest violin shape, with data points distributed across a range 
from approximately 900 to 2600. The lower extremes were comparable for all three conditions, 
reaching approximately 900 to 1000.
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4. Discussion
The results presented above reveal that, among the four hyperparameters examined, the type 
of prior had the most pronounced effect on the accuracy of the posterior estimates across all 
three models. While the number of timepoints, the number of samples, and the coefficient of 
variation had limited impact on the posterior distributions and point bias, the choice of prior 
– particularly the Biased and Incorrect priors – led to substantial deviations from the true 
parameter values. This was observed consistently in the Simple Chain, Simple PK, and ICG 
PBPK models, with the magnitude of the displacement increasing progressively from the Exact 
to the Biased to the Incorrect prior.

In contrast, the number of timepoints and samples primarily influenced the computational 
cost, as reflected by the steady increase in log(Runtime), without yielding notable changes in 
either the posterior accuracy or the Effective Sample Size. The coefficient of variation similarly 
had minimal impact across all metrics examined. The stability of the ESS across most hyper
parameter conditions indicates that the MCMC sampler maintained consistent performance 
regardless of the data configuration, with the exception of specific conditions such as the highest 
coefficient of variation level in the ICG PBPK model and certain prior types in the Simple 
PK model.

4.1. Prior Type
A notable finding is the difference in how the three models responded to the prior specification. 
In the Simple Chain and Simple PK models, the Biased and Incorrect priors shifted the posterior 
distributions and point bias away from the true values in a progressive manner, with both male 
and female groups affected. The posterior boxplots showed that under the Exact prior, medians 
for both groups were positioned close to their true values, while the Biased prior elevated these 
estimates, and the Incorrect prior displaced them further still.

This pattern was consistent across both parameters in the Simple PK model, where 𝐶𝐿 and 𝑘 
medians moved increasingly away from their reference values under each successive level of prior 
misspecification. In the ICG PBPK model, the Incorrect prior produced particularly striking 
effects: the 𝐵𝑤 parameter was displaced entirely into positive territory relative to the true 
values, while 𝑉{max} estimates were shifted to values far above the reference, reaching approxi

mately 0.95 for males and 0.80 for females. This suggests that in more complex, physiologically 
informed models, misspecified priors may propagate through the model structure in ways that 
differ from simpler formulations, potentially affecting parameters in opposing directions.

In contrast to the marked influence of the prior type on posterior accuracy, the remaining 
three hyperparameters — number of timepoints, number of samples, and coefficient of variation 
— had limited effects on the posterior distributions across all three models, when the prior 
structure is Exact. The posterior boxplots for these hyperparameters showed that the medians 
and interquartile ranges remained relatively stable regardless of the values tested. In the Simple 
Chain model, the median estimates for 𝑘1 were consistently near the true values for both 
groups across all timepoint, sample size, and coefficient of variation levels. A similar pattern 
was observed in the Simple PK and ICG PBPK models, where neither increasing the number 
of observations nor varying the noise level produced notable shifts in the posterior estimates.

The only exception was a slight widening of the interquartile ranges at higher coefficient of 
variation values in the Simple Chain and Simple PK models, though the central tendency 
of the posteriors remained largely unaffected. These observations indicate that, within the 
ranges examined, prior specification was the dominant factor determining the accuracy of 
the parameter recovery, while the data configuration hyperparameters played a comparatively 
minor role.
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4.2. Point Bias
The point bias distributions further corroborated the findings from the posterior boxplots, 
providing a more detailed view of the relative distance between the posterior samples and the 
true parameter values. In the Simple Chain and Simple PK models, the distributions were 
consistently asymmetric, exhibiting long left tails extending to values as extreme as −8 or 
−16 under certain conditions, while being bounded near 1.0 on the right side. This indicates 
that overestimation of the true parameter values was constrained while underestimation was 
not. In the Simple PK model, a systematic pattern emerged in which the parameter with the 
smaller true value (0.5) — 𝐶𝐿 for females and 𝑘 for males — consistently exhibited greater 
displacement from zero in the point bias distributions, while the parameter with the larger true 
value (1.0) was more accurately recovered. This asymmetry was present regardless of which 
hyperparameter was being varied. This constraint is based on the prior definitions of PyPesto. 
As parameters can only be positive, this limit allows the parameters to always be interpretable.

The ICG PBPK model yielded markedly different point bias distributions compared to the other 
two models. For both 𝐵𝑤 and 𝑉max, the distributions were approximately symmetric and cen
tered near zero under the Exact prior, with the male and female groups nearly indistinguishable 
across all timepoint, sample size, and coefficient of variation conditions. This symmetry may 
reflect the additional physiological constraints embedded within the model structure. However, 
when the prior type was varied, the point bias distributions for the ICG PBPK model revealed 
pronounced deviations: under the Biased prior, 𝑉max shifted substantially toward negative values 
with peaks around −4 to −5, while under the Incorrect prior the displacement was extreme, 
with the distribution centered around −26. For 𝐵𝑤, the Incorrect prior shifted the distributions 
entirely into positive territory. These results demonstrate that while the ICG PBPK model 
produced well-centered point bias distributions under favorable prior conditions, it was equally 
susceptible to prior misspecification as the simpler models, with the magnitude of the resulting 
bias being considerable.

4.3. Runtime Considerations
The log-transformed runtime increased steadily with both the number of timepoints and the 
number of samples across all three models. In the Simple Chain model, the median log(Runtime) 
rose from approximately 3.2 at the lowest levels to approximately 5.6–6.1 at the highest levels of 
timepoints and samples, respectively. The Simple PK model exhibited a similar trajectory, with 
median values ranging from approximately 3.5 to 6.0–6.5, and the ICG PBPK model showed 
the highest runtimes overall, with medians increasing from approximately 3.9 to 6.5–6.9. The 
interquartile ranges also expanded at higher timepoint and sample levels across all models, 
indicating greater variability in execution time. These results highlight a practical consideration 
when scaling Bayesian PBPK approaches: while adding more timepoints or samples does not 
appear to improve posterior accuracy or MCMC diagnostics within the ranges examined, it 
does carry a substantial computational cost that grows with model complexity.

In contrast, neither the coefficient of variation nor the prior type had a discernible effect on 
the runtime across any of the three models. When the coefficient of variation was varied from 
0.0 to 1.0, the median log(Runtime) remained approximately constant for the Simple Chain, 
Simple PK, and ICG PBPK models, with stable interquartile ranges at each level. Similarly, 
the three prior types — Exact, Biased, and Incorrect — produced nearly identical runtime 
distributions within each model, with closely aligned medians and comparable spreads. Outliers 
were present at several coefficient of variation and prior type conditions across all models, 
reaching values near 8.0–9.0, but these occurred without any systematic pattern tied to a specific 
hyperparameter value. These findings indicate that the computational burden of the Bayesian 
MCMC sampler was driven primarily by the volume of data — as determined by the number 
of timepoints and samples — rather than by the noise characteristics or the specification of the 
prior distributions.
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4.4. Sampling Diagnostics
The Effective Sample Size remained largely stable across the number of timepoints, number 
of samples, and coefficient of variation for all three models. In the Simple Chain model, the 
median ESS was approximately 1700 and did not vary across any of these hyperparameter 
conditions, with data points consistently distributed in two clusters: a primary concentration 
near the median and a secondary grouping near 2550. The Simple PK model exhibited a lower 
median ESS around 1100 with more dispersed data points, while the ICG PBPK model had 
a median near 1550 with a similar two-cluster pattern to the Simple Chain. The shape and 
spread of the violin plots remained consistent across the range of values tested for each of these 
three hyperparameters, with the exception of the ICG PBPK model at a coefficient of variation 
of 1.0, where the ESS was noticeably lower, the median dropped to approximately 1400, and 
the secondary cluster of high ESS values near 2500 disappeared.

The prior type had a more varied effect on the ESS across the three models. In the Simple Chain 
model, the ESS distributions were similar for all three prior types, with only a marginally higher 
median for the Exact prior. In the Simple PK model, the differences were more pronounced: the 
Exact prior produced a higher and more compact ESS distribution with a median near 1500, 
while the Incorrect and Biased priors had lower medians around 1075 and 1125, respectively, 
with data points extending to lower extremes near 400 and 250. The ICG PBPK model showed 
a different pattern, with the Incorrect prior yielding the highest median ESS near 1550, the 
Exact prior near 1450, and the Biased prior the lowest at approximately 1200, accompanied by 
the widest spread of data points. These observations indicate that while the MCMC sampler 
generally maintained consistent performance regardless of the data configuration, specific 
combinations of model complexity and prior misspecification can affect sampling efficiency in 
model-dependent ways.

Taken together, these findings underscore the importance of prior selection in Bayesian PBPK 
modeling, as it was the only hyperparameter that substantially influenced the accuracy of 
the posterior estimates. The relative insensitivity of the results to the number of timepoints, 
samples, and coefficient of variation — within the ranges tested — suggests that the approach 
is robust to variations in data configuration, but remains vulnerable to inadequate prior 
knowledge. Future work could explore strategies for prior elicitation and sensitivity analysis to 
mitigate the impact of prior misspecification in more complex PBPK frameworks.
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5. Conclusion
This work investigated the effects of four hyperparameters — number of timepoints, number of 
samples, coefficient of variation, and prior type — on the performance of a Bayesian approach 
applied to three Pharmacokinetic models of increasing complexity: the Simple Chain, the Simple 
PK, and the ICG PBPK models. The performance was evaluated in terms of posterior accuracy, 
point bias, computational cost, and MCMC sampling efficiency as measured by the Effective 
Sample Size.

The results demonstrated that, among the four hyperparameters examined, the type of prior had 
the most substantial impact on the accuracy of the posterior estimates. Under the Exact prior, 
all three models recovered parameter values close to the true values for both male and female 
groups. The Biased and Incorrect priors progressively displaced the posterior distributions away 
from the true values, with the Incorrect prior producing the most severe deviations across all 
models. The point bias distributions confirmed these findings, revealing that the displacement 
from the true values increased in magnitude from the Exact to the Biased to the Incorrect 
prior. Notably, the ICG PBPK model — despite producing well-centered and symmetric point 
bias distributions under favorable prior conditions — was equally susceptible to prior misspec
ification, with extreme shifts observed for both 𝐵𝑤 and 𝑉max under the Incorrect prior.

In contrast, the number of timepoints, the number of samples, and the coefficient of variation 
had limited influence on the posterior accuracy and point bias across all three models. The 
posterior distributions and point bias histograms remained largely unchanged as these hyper
parameters were varied within the tested ranges. However, both the number of timepoints and 
the number of samples had a direct effect on the computational cost, with the log-transformed 
runtime increasing steadily as either hyperparameter grew. The ICG PBPK model consistently 
required the highest runtimes, followed by the Simple PK and Simple Chain models. Neither 
the coefficient of variation nor the prior type affected the runtime in any of the three models. 
The Effective Sample Size was stable across most conditions, with isolated exceptions observed 
in the ICG PBPK model at the highest coefficient of variation level and in the Simple PK model 
under misspecified priors.

Several structural differences between the models were observed. The Simple Chain and 
Simple PK models produced asymmetric point bias distributions with long left tails, whereas 
the ICG PBPK model yielded approximately symmetric distributions under the Exact prior. 
Additionally, in the Simple PK model, parameters with smaller true values were consistently 
less accurately recovered than those with larger true values, a pattern that persisted across 
all hyperparameter conditions. These model-specific behaviors highlight the role that model 
structure and parameterization play in shaping the outcomes of Bayesian inference.

In summary, this work identified prior specification as the primary determinant of posterior 
accuracy in Bayesian PBPK modeling, while the data configuration hyperparameters — within 
the ranges tested — had a comparatively minor role. The computational cost scaled with the 
volume of data but was unaffected by the noise level or prior choice. These findings carry 
practical implications for the design of Bayesian PBPK workflows: careful attention to prior 
elicitation is essential, as misspecified priors can lead to substantial bias in parameter estimates 
regardless of the amount or quality of the available data. Future work could explore adaptive 
prior selection strategies, prior sensitivity analyses, and the extension of this framework to 
additional PBPK models with greater physiological detail, to further assess the generalizability 
and robustness of these findings.
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