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Abstract 

Stochastic simulations underpin computational research in fields from systems biology and 

epidemiology to finance and physics-informed machine learning, yet their reproducibility is hard 

to quantify because each run yields different outcomes. Existing practices to improve 

computational reproducibility focus on sharing code, simulation seeds, data, and software 

environments but do not ensure independent reproduction of results, limiting scientific rigor. 

Here we introduce the Empirical Characteristic Function Equality Convergence Test (EFECT), a 

universal computational framework for quantifying the statistical reproducibility of stochastic 

simulations based on empirical characteristic functions. EFECT defines a normalized EFECT 

error that measures distributional differences between two sets of simulation outputs over a 
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model- and scale-independent range, and an EFECT convergence point that specifies the 

minimum sample size required to achieve a desired reproducibility threshold at a chosen 

significance level. EFECT applies to any simulation whose results can be represented as 

bounded, real-valued data, regardless of modelling formalism or source of stochasticity. To 

facilitate widespread adoption and data exchange, we implemented EFECT in an open-source 

software library and a compact, machine-readable standardized report. We rigorously evaluated 

the framework across more than 40 test cases spanning stochastic differential equations, agent-

based models, Boolean networks, and partial differential equations. Applying EFECT to 

published models in pandemic epidemiology, financial stochastic volatility, and physics-informed 

neural networks reveals that commonly used sample sizes are often underpowered: substantial 

parameter differences can go undetected unless thousands of replicates are simulated. By 

providing a domain-agnostic statistical reproducibility metric, reusable software libraries, and a 

standardized report format, EFECT offers a practical framework for embedding quantitative 

reproducibility and replicability checks into stochastic simulation workflows across data-intensive 

disciplines. Thus, EFECT delivers the capability to make scientific inferences and policy 

decisions on the basis of reliable, reproducible stochastic simulations.  

Introduction 

Various disciplines have acknowledged a crisis of reproducibility in science (1), to which 

computational research is not immune (2). Reproducibility has been argued to be the minimum 

standard for assessing scientific claims in computational science (3). For stochastic modeling 

studies, reproducibility is essential to ensure reliability in critical predictions, from environmental 

assessments to financial forecasts. In deterministic computational research, reproducibility can 

be quantitatively assessed. In contrast, stochastic simulation studies lack a general framework 

for reproducibility evaluation, leaving the true extent of the problem unknown and likely 

underestimated due to the intrinsic variability of such systems and the absence of standardized 

assessment methods. 

In life sciences, significant efforts are made through the development of an ecosystem of 

community infrastructures and standards to improve model credibility by ensuring simulation 

tools yield consistent outputs for identical inputs (4). These efforts include resources like 

BioModels, the world’s largest repository of curated biological models (5), and BioSimulators, a 

free online registry of biological model simulators (6), both of which leverage community 

standards such as the Systems Biology Ontology (SBO, (7)), Systems Biology Markup 

Language (SBML, (8)), and Simulation Experiment Description Markup Language (SED-ML, 

(9)), to promote reusability and reproducibility of biological models in diverse fields including 

neuroscience (10), quantitative systems pharmacology (11), and drug discovery (12). A 2021 

study showed that, despite these efforts, the simulation results of nearly half of 455 analyzed 

deterministic ordinary differential equation model from peer-reviewed articles cannot be 

reproduced (13). Given that stochastic simulation yields varying results with every run, it was 

expected that their reproducibility would be worse. 

Best practices for reproducible computational research emphasize that researchers 

must, at minimum, reproduce their own results (14). In systems biology, guidelines recommend 

storing all raw simulation data, sharing data underlying graphs and tables, and automating 

model verification and validation (15), with some advocating for journal policies mandating raw 

data publication (16). Additional recommendations include ensuring statistical repeatability of 

simulation results and expanding workflows to validate reproducibility (17). Most guidelines 
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focus on deterministic models, yet advanced research in systems biology, finance, and 

environmental sciences increasingly uses stochastic models to capture random processes that 

deterministic approaches cannot (18–20). 

Emerging technologies like digital twins, which will likely use stochastic modeling, need 

rigorous verification and validation of simulation results (21). There is a growing emphasis on 

analysis of sample distributions of simulation results to ensure model credibility (22). 

Reproducibility in stochastic modeling is crucial for reliable environmental predictions, such as 

climate models, where variability and uncertainty must be systematically addressed (23). 

Terminology concerning reproducibility, replicability, and repeatability differs across scientific 

communities. Often, reproducibility refers to obtaining consistent results from independent 

studies under similar experimental conditions (16,24). In this study, we use “statistical 

reproducibility” specifically to describe whether independently generated stochastic simulation 

samples are sufficiently consistent in distribution under equivalent model and input conditions.  

Stochastic simulation results, influenced by intrinsic variability or input sampling (e.g., 

parameters, initial conditions), vary with each run. This inherent variability of results 

necessitates robust metrics and standards to quantify reproducibility and guarantee that 

outcomes will not be different when a study is repeated. This is essential to ensure findings are 

reliable and consistently validated across studies, especially when findings influence decisions 

pertaining to large social and economic impact.  

Reproducing individual stochastic simulation trajectories of a study is feasible using the 

seed from pseudorandom number generators, though there are challenges due to software 

implementation differences (17). Moreover, reproducing a trajectory using a fixed seed does not 

establish that independently generated stochastic samples are statistically consistent. 

Furthermore, this approach also has two major limitations: (i) it overlooks underpowered or 

selective model simulation sampling in the study, weakening assessment, and (ii) storing and 

sharing data for all individual trajectories does not scale up to community-level practice. 

Alternatively, comparing stochastic results via distributional statistics requires assumptions (e.g., 

normality) that limit applicability outside specific contexts. For instance, the SBML Test Suite 

(25) compares stochastic results using summary statistics. However, summary statistics like 

mean and standard deviation are not unique and so are unreliable for general identification of 

differences in stochastic model results (e.g., when initial conditions have different distributions 

with the same summary statistics, Source Code S3.20). Previous work developed a test and 

heuristics to quantify aleatoric uncertainty for determining a minimum sample size that 

sufficiently represents a stochastic model (26,27) but did not provide a means to support 

standardized reproduction of results. 

In this work, we developed a method and metrics to assess the statistical reproducibility 

of stochastic simulation results across the model lifecycle. Our method evaluates whether 

independently generated simulation samples are consistent in distribution through statistically 

principled comparisons of output distributions. Specifically, it tests whether simulation results 

converge to the same unique, unknown distribution using empirical characteristic functions. 

Hence, we call our method the Empirical Characteristic Function Equality Convergence Test 

(EFECT). EFECT is therefore intended as a statistical reproducibility-oriented method for 

stochastic simulation data, rather than as a universal definition or formalization of reproducibility 

or replicability, which varies across scientific domains. Hence, it can be applied to both scientific 

replicability and reproducibility to assess statistical consistency, agnostic to the definition 

chosen by different scientific communities. 
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We showed the broad relevance of our method by demonstrating its application with 

multiple stochastic modeling applications, modeling methodologies, and BioModels entries. Our 

method quantifies differences in stochastic simulation results independent of modeling method 

and with universal meaning, such that outcomes from reproducing results are generally 

interpretable. We designed a workflow built on our method to accommodate data exchange 

within modeling communities for stochastic model reproducibility through outlets like online 

repositories and journal publications. 

Results 

EFECT-based reproduction of stochastic simulation results consists of two components: first, 

generation of reliable and statistically reproducible stochastic simulation results by the modeler; 

second, testing whether the stochastic simulation results have been sufficiently reproduced 

using a well-defined quantitative metric by a model curator. Throughout, we employ the 

following definitions to describe results: 

• Reproduced results: results for which another set of sufficiently similar results have been 

independently produced.  

• Reproducible results: results that can be reproduced.  

We refer to the individual who produces the results as the Modeler and to the one who 

independently analyzes the model and reproduces the results as the Curator. We require that 

EFECT assesses similarity of results using a quantitative metric, called the EFECT error, with 

meaning that is both independent of a model’s mathematical construct and scale of results, and 

robust to support a broad range of models and sources of results’ stochasticity. In particular, we 

require that EFECT does not rely on any knowledge about the model from which results were 

produced. Likewise, we require that the EFECT error supports results with variance produced 

by simulation stochasticity and/or stochastic selection of model parameters and initial 

conditions. EFECT assesses the similarity of stochastic simulation results by testing for equality 

in distribution of results through comparison of empirical characteristic functions (ECFs) 

generated from results distributions. Throughout, we refer to a set results collected from one or 

more executions of a stochastic simulation as a simulation sample, and likewise to the number 

of executions as the sample size. The EFECT error quantifies differences between simulation 

samples over a model- and scale-independent range, where an EFECT error of zero 

demonstrates equality of simulation samples, and an error of two demonstrates maximum 

difference. Using EFECT, a Modeler performs a test for reproducibility to test whether the 

distribution of their simulation sample is reproducible by randomly dividing their simulation 

sample into two subsamples of equal size and measuring the EFECT error of the subsamples. 

The Modeler improves the reproducibility of their simulation sample by repeating this process 

while increasing sample size until the distribution of the sampled EFECT error satisfies a 

reproducibility criterion, called the EFECT convergence point. We refer to the minimum 

simulation sample size to satisfy the EFECT convergent point as the EFECT sample size. Given 

the size of the subsamples, the ECFs generated from one of them, and some additional 

information (described below) accompanying a reported model, a Curator tests whether they 

can reproduce a simulation sample by comparing to ECFs from their own implementation of the 

reported model. A Curator tests a reported simulation sample to their own for equality in 

distribution according to the null hypothesis that samples of the EFECT error when comparing 

simulation samples and when quantifying reproducibility are taken from the same unknown 

distribution. A Curator assesses whether they reproduce a simulation sample by rejecting the 
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null hypothesis at an a priori significance level according to Chebyshev’s inequality for unknown 

population mean and variance. For details, see Methods. For a summary for all test scenarios, 

see Table S1. For details on test scenarios and locating their supplementary materials, see 

Table S2.  

EFECT Accurately Quantifies Similarity in Stochastic Simulation Results 

To evaluate the robustness and generality of EFECT, we rigorously tested it across more than 

40 diverse use cases, including stochastic differential equations, agent-based models, and 

Boolean networks, encompassing both intrinsic stochasticity and variability introduced by input 

sampling. A full list of these test scenarios is provided in Table S2. Below, we summarize these 

use cases and highlight EFECT’s ability to quantify reproducibility across a range of modeling 

approaches, simulation platforms, and sources of stochasticity. 

Stochastic Algorithms and Sampling of Parameters and Initial Conditions 

We first tested the capability of EFECT to quantify the similarity of simulation samples using a 

variety of ordinary differential equation (ODE) models with different sources of stochasticity 

(Figure 1). Test models consisted of either deterministic simulation while sampling model 

parameters and/or initial conditions using a normal distribution for one, two, and ten parameters 

and/or initial conditions, or using a uniform distribution sampling for one or ten parameters 

and/or initial conditions; or of stochastic simulation using the Gillespie Stochastic Simulation 

Algorithm (28,29), including two BioModels entries (30,31). For all test models subject to a 

source of stochasticity, we increased sample size and quantified reproducibility of the simulation 

sample by evaluating the similarity of equally sized subsamples as previously described for our 

Modeler’s test for reproducibility. Similarity of simulation samples was quantified using the 

EFECT error defined in [ 3 ]. We found that the EFECT error decreased with increasing sample 

size for all modeler’s test cases according to a power law. A representative result of this general 

observation is shown in Figure 1D. EFECT reliably quantifies reproducibility of stochastic results 

from ODE simulations, with reproducibility improving systematically as sample size increases. 

https://sciwheel.com/work/citation?ids=733771,316360&pre=&pre=&suf=&suf=&sa=0,0&dbf=0&dbf=0
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ARTI
CLE

 IN
 P

RES
S

 

 
 

 

Figure 1. Testing similarity of stochastic biological simulation results from ordinary differential equation models with 
different sources of stochasticity. A: Trajectories while randomly sampling a parameter of a model of viral-bacterial 
coinfection with cell populations T, I1, I2, and viral and bacterial loads V and P (Source Code S3.1). Sample size of 

10k trajectories shown. B: Trajectories while simulating a Lorenz system with the Gillespie stochastic simulation 
algorithm (Source Code S3.9). Sample size of 10k trajectories shown. C: Trajectories while randomly sampling a 

parameter of a model of viral infection. Sample size of 10k trajectories shown. D: EFECT error quantifying 
reproducibility of a sample from the model shown in panel C as a function of sample size. An EFECT error of zero 

demonstrates equality, and of two demonstrates complete dissimilarity. Lines show fits of a typical power law 
relationship, where similarity increases with increasing sample size. Dots show mean evaluations of the EFECT error. 

Bars show one standard deviation of EFECT error evaluations upward and downward. E: EFECT error per sample 
size from the model shown in panel C while comparing samples from models of the same structure but a difference in 
parameter (as measured by the parameter ratio). EFECT error ranges from 0 (identical distributions) to 2 (maximally 
different distributions). Shaded regions show the mean ± three standard deviations of the EFECT error when testing 

for reproducibility.  

Detecting Parametric and Structural Differences 

We then tested the capability of EFECT to detect structural and parametric differences in 

SDE models by comparing simulation samples generated from them. We tested detection of 

structural differences by comparing simulation samples of various sample sizes generated from 

different models. When comparing simulation samples from models with structural differences, 

we found that the EFECT error does not decrease with increasing sample size but instead tends 

to near maximum difference (Source Code S3.13). We tested detection of parametric 

differences by comparing simulation samples of various sizes generated from the same model 

but with a difference in the distribution from which a parameter value was drawn. Specifically, 

we assessed the likelihood of a false-positive according to [ 6 ] when testing for equality in 
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distribution for a given sample size and difference in parameter distribution. Generally, EFECT 

can detect a difference if it is unlikely to yield a false-positive. In this test, we perform the 

following procedure: Step 1: generate a simulation sample; Step 2: quantify reproducibility of the 

simulation sample; Step 3: extract a subsample of half the size (as would be done when 

reporting a model); Step 4: generate a second simulation sample of the same half size and with 

a modified parameter distribution; and Step 5: test how well the simulation sample from Step 4 

reproduces the simulation sample from Step 3.  

For the model shown in Figure 1C, we scaled the mean and standard deviation of the 

normal distribution for a single parameter by factors ranging from 0.5 to 2 (Source Code S3.14). 

Using a significance level of 0.05, we found that EFECT could detect differences in distributions 

for a sample size of 10,000 when scaling downward or upward by as little as 5% to 1%, 

respectively. The same test and model with a sample size of 1,000 could detect 5% scaling 

differences. With a sample size of 100, the same test and model could detect 25% downward or 

50% upward scaling differences. See Table S1 for computed p-values. The same analysis was 

repeated the following: with different ODE models (detected 5% or more scaling differences for 

sample size 10,000, Source Code S3.17); with constant parameters with a scaling difference 

and stochastic simulation (detected 5% or more scaling differences for sample size 10,000, 

Source Code S3.18); or while individually scaling distribution mean (detected 5% or more 

scaling differences for sample sizes 5,000 and 10,000, Source Code S3.16) or variance 

(detected scaling differences of 25% or more downward, and 10% or more upward, for a sample 

size of 10,000, Source Code S3.19). In all tests, upward and downward scaling differences of 

between 5% and 50% were detectable with a significance level of 0.05 when the reproducibility 

test EFECT error mean was below 0.1. Hence, EFECT can detect even a single parametric 

difference between models by comparing samples from them, and increasingly so with 

decreasing EFECT error.  

Reproducibility with Stochastic Agent-Based and Boolean Network Models 

To demonstrate whether EFECT supports reproducibility of stochastic results from 

methods other than SDEs, we tested whether we could perform the same analysis with three 

implementations of an agent-based model (ABM, Figure 2). We considered the Grass-Sheep-

Wolf (GSW) ABM implemented in NetLogo ((32), Figure 2A), and implementations derived from 

it in MATLAB and Python (Source Code S4). We generated samples with sizes up to 20,000 

(Figure 2B) and again found a decrease in EFECT error with increasing sample size according 

to a power law when testing for reproducibility (Figure 2C). Comparing results from different 

implementations, EFECT showed that no two implementations produce results that are equal in 

distribution (Figure 2D). Thus, we found that results from the three ABM implementations were 

reproducible, and that none of them produced the same results, according to EFECT. We also 

tested a stochastic Boolean network model of cell fate (33) implemented in MaBoSS (34) and 

found that EFECT supports evaluation of the reproducibility of stochastic Boolean network 

model results (Source Code S2.1, S3.26). EFECT distinguishes between different 

implementations of the same agent-based model and quantified reproducibility of the stochastic 

Boolean network model, demonstrating its utility for verifying reproducibility independent of 

modeling approach. 

https://sciwheel.com/work/citation?ids=2435631&pre=&suf=&sa=0&dbf=0
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Figure 2. Testing reproducibility of results from three implementations of a Grass-Sheep-Wolf agent-based model. A: 
Screenshot of the original agent-based model implemented in NetLogo. B: Trajectories of model Grass (top), Sheep 
(middle), and Wolves (bottom) from 20,000 executions of the NetLogo (left, Source Code S4.2), MATLAB (center, 

Source Code S4.1), and Python (right, Source Code S4.3) implementations. Distributions of trajectories have subtle 
differences across simulators that are difficult to detect by inspection (e.g., slightly different oscillations). C: Testing 

for reproducibility of results distributions from each implementation (Source Code S3.21). Results from all 
implementations converged in distribution. D: Testing for equality in distribution of pairs of samples from all 

implementations. No two implementations produced samples that were equal in distribution, as demonstrated by non-
converging EFECT errors. 

Robustness of EFECT to Model Complexity and Scale 

Finally, further evaluation showed that testing for reproducibility with EFECT is generally 

insensitive to the number of model variables (Source Code S3.30, Figure S1), significant 

differences in scale between model variables (Source Code S3.27, Figure S2), or order of 

magnitude of standard deviation (Source Code S3.31). This demonstrates that EFECT is a 

robust method to test model reproducibility. We also found that the runtime of our 

implementation of EFECT increases linearly with the number of model variables (runtime of 305 

 86 s, 401  119 s, 469  134 s, 642  232 s, and 1,261  484 s when testing reproducibility for 

2, 3, 4, 5, and 10 model variables on an Intel i9, Source Code S2.2). EFECT maintains 

consistent performance across models with varying numbers of variables, scales, and 

variances, highlighting its robustness and generalizability. 

Workflows for Reproducibility of Stochastic Models 
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After testing that EFECT supports quantifying whether simulation results are reproducible and 

reproduced, we developed a Stochastic Simulation Reproducibility (SSR) workflow that defines 

the steps required by all stakeholders (i.e., the Modeler and Curator) over the lifetime of a model 

to generate stochastic results that are independently reproduced. Figure 3 graphically 

demonstrates these steps, the details of which are described in Methods. Generally, the 

workflow involves the Modeler producing a published model and supporting data, which the 

Curator uses to test and report whether they can reproduce results according to an a priori 

significance level. Generally, neither stakeholder is required to use the same simulator that 

implements the model (though it may be beneficial to use different simulators). In this workflow, 

the Modeler’s test evaluates the internal statistical reproducibility of simulation samples 

generated under a specified implementation and set of inputs. The Curator’s test evaluates 

whether an independently generated sample is statistically consistent with the Modeler’s 

reported sample. Depending on the terminology adopted by a particular community, the latter 

activity may form part of a broader reproducibility or replicability assessment, but EFECT itself 

evaluates only the distributional consistency of the stochastic outputs. 

 

Figure 3. Graphical representation of the steps involved in stochastic simulation results comparison using EFECT.  
Left: Demonstration of each step in the process of modelers’ internal reproducibility exercise, comparing two 

independent stochastic simulation results using EFECT. A modeler samples a stochastic simulation and produces 
empirical characteristic functions (ECFs) of them for testing whether their sample is equal in distribution to another 

sample by comparison of ECFs. The modeler uses the EFECT Error to compare the ECFs and quantify 
reproducibility of their results for each sample size. The modeller increases sample and continues the comparison 

until a threshold, the EFECT Convergence Point, is achieved. Right: Two possible scenarios during a reproducibility 
study using EFECT, where differences in results are detected (Scenario 1) and results are verified as reproduced 
(Scenario 2). Having achieved an established EFECT Convergence Point, results can be compared in a statistical 

test of whether two given results samples are realizations of the same stochastic process. Disproving the hypothesis 
with an a priori significance indicates that results are not reproduced.  
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A Modeler iteratively adds simulation results to a sample until results are sufficiently 

reproducible. The Modeler evaluates reproducibility by randomly generating two equally sized 

subsamples of their current sample and calculating the EFECT error when comparing ECFs of 

the subsamples. Evaluations of the EFECT error are collected as a random variable and the 

process of randomly selecting and evaluating subsamples is repeated until the absolute relative 

change in the mean of EFECT error evaluations converges below a threshold (here tested with 

a threshold of 0.1%). Reproducibility is determined according to a threshold for the statistics of 

the EFECT error. Here we assume that the modeler, curator, and others in their field have 

defined such a threshold, an EFECT convergence point, through consensus (here accepted 

when the mean plus three standard deviations is below 0.075). When a sample is not 

reproducible, the Modeler generates more results, adds them to the sample, and repeats the 

process. When a sample is reproducible, we recommend that the Modeler generates minimal 

supporting data, called an EFECT report, to allow others to reproduce a subsample. Excluding 

relevant information specific to a model, simulation, or data formatting other than what our 

workflow requires, the contents of an EFECT report is as follows (see Table S3 for examples):  

• Stochastic variable names: A list of all named stochastic variables in reported results.  

• Simulation times: A list of all simulation times at which results are reported.  

• EFECT error statistics. The accepted mean and standard deviation of the EFECT error 

during the test for reproducibility.  

• EFECT sample size: The size of an accepted sample when testing for reproducibility. 

• ECF evaluations: Evaluations of ECFs generated from a subsample of an accepted sample 

for each named stochastic variable at each simulation time.  

• ECF domains: Maximum transform variable value for all reported ECF evaluations according 

to [ 5 ].  

• Significant figures: The significant figures of results produced by the employed simulator(s) 

when testing for reproducibility.  

A Curator develops their own implementation of a published model and generates 

results distributions according to information provided by the EFECT report accompanying the 

model. Specifically, the sample generated by the Curator will be of a size equal to the reported 

sample size and record results for all named stochastic variables at all reported simulation 

times. The Curator performs the test for reproducibility and generates their own EFECT error 

statistics. Finally, the Curator randomly selects a subsample, computes the EFECT error for 

comparing the generated ECFs to those reported in the EFECT report, and computes the 

probability that the EFECT error when comparing ECFs was taken from the (unknown) 

distribution of the EFECT error during the Curator’s test for reproducibility. The Curator 

determines an outcome according to whether the computed probability is above (reproduced) or 

below (not reproduced) a significance level. A process diagram graphically illustrates these 

steps in Figure S3.  

To test whether our SSR workflow and EFECT report sufficiently support a lifecycle of 

model development that includes reproducing stochastic simulation results, we simulated the 

processes defined for a Modeler and Curator and exchange of information between them for an 

ODE model of viral infection (35) defined in SBML (Figure 4). In these simulations, a Modeler 

reports results from an ODE model with random parameter sampling as generated by 

libRoadRunner (36), and a Curator reproduces results using COPASI (37). In our simulation of 

the processes performed by the Modeler (i.e., the “Modeler Workflow” in Figure 3), the Modeler 

https://sciwheel.com/work/citation?ids=1907765&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=16246173&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=662009&pre=&suf=&sa=0&dbf=0
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begins by iteratively increasing the size of their sample and testing for reproducibility until a 

power law could be fit to EFECT error evaluations. The Modeler rounds simulation results to six 

significant figures for compatibility with COPASI default output (neglecting this step results in 

failure to reproduce, Source Code S3.25). The fit is used to estimate the required sample size to 

achieve an EFECT convergence point, here defined ad hoc as an EFECT error with mean plus 

three standard deviations below 0.075, when testing for reproducibility (EFECT error of 54.4×10-

3 ± 6.40×10-3, Figure 4A, B, C), the final size of which was 9,644. An EFECT report is then 

generated and stored to file (Source Code S3.22). In our simulation of the processes performed 

by the Curator (i.e., the “Curator Workflow” in Figure 3), the Curator implements the same 

model in COPASI, generates a sample of the reported size for all reported stochastic model 

variables and simulation times, and performs the test for reproducibility (EFECT Error of 

53.5×10-3 ± 6.59×10-3). The Curator then compares the ECFs generated from a randomly 

selected subsample to those reported in the EFECT report. Our simulation showed that the 

Curator accepts that results are reproduced with EFECT error 0.0568 and p-value 1 (Figure 4D, 

Source Code S3.23) and can readily detect differences in model parameter distributions 

(Source Code S3.24).  

 

Figure 4. Simulation of the workflow for reproducing stochastic simulation results using different simulators. A, B, C: 
Modeler workflow using libRoadRunner. Trajectories (panel A) and corresponding EFECT error sampling (panel B) 
per select sample size are shown when testing for reproducibility (panel C). The distributions in panel B are from 

sampling the EFECT error when testing for reproducibility of samples shown in panel A. A sample was considered 
reproducible when the EFECT error plus three standard deviations was below a threshold (here 0.075). Error bars 
show three standard deviations. D: Comparison of empirical characteristic functions during the Curator workflow. 
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Curator results were generated using COPASI to generate empirical characteristic functions (orange) for comparison 
to those reported from the Modeler workflow (blue). The two sets of empirical characteristic functions cannot be 

individually distinguished because they are nearly identical. Transform variable values are multiplied by a factor of 
105.  

Reproducible Stochastic Simulation in Select Domains of Interest 

Finally, we performed a preliminary survey of the reproducibility of stochastic simulation results 

in select modeling domains of broad interest (pandemic epidemiology, finance, and physics-

informed neural networks). In all cases, we first attempted to qualitatively reproduce reported 

results, and then assessed the extent to which reported results can be reliably reproduced 

according to the EFECT error.  

We selected six published stochastic differential equation models of the COVID-19 

pandemic (38–43) and attempted to reproduce 14 reported figures (Table S2, Source Code 

S3.32-S.37). Of these, we could qualitatively reproduce four figures and another four figures 

with corrections but could not reproduce the other six. Only one figure reported results from a 

sample of sufficient size to produce an EFECT error on the order of our ad hoc EFECT 

convergence point of 0.075 (sample size 50,000 reported, computed EFECT error less than 

0.05 for all experiments with a sample size of 10,000). For all attempted figures, we were able to 

generate reproducible results with EFECT error around 0.075 or less with a sample size of 

5,000. One study (42) reported details on parameter fitting to data with a sample size of 20. 

When evaluating the reproducibility of results using the model and fitted parameters from this 

study, we found that sample sizes as great as 1,000 allow selecting any value for one of the 

fitted parameters within its bounds without producing detectable differences. We also found that 

a sample size of 10,000 would have made parametric differences of at least 35% detectable.  

We assessed the reproducibility of results from demonstrations of financial model 

parameterization using Maximum Likelihood estimation with Efficient Importance Sampling (44). 

In summary, the approach uses adapted Markov Chain Monte Carlo (MC) sampling to estimate 

marginal parameter distributions for a given model and target data, a common procedure in 

Bayesian inference (45). We were able to qualitatively reproduce results from two Stochastic 

Volatility models (Source Code S3.38). We then evaluated the reproducibility of results using 

fitted parameters for both models, which were determined using a MC sample size of 50. With 

this sample size, we found that we could increase or decrease each fitted parameter by two to 

three standard errors without producing a detectable difference in results, whereas sample sizes 

of 5,000 to 10,000 would have made all parametric differences within one standard error 

detectable.  

Last, we assessed the ability to adapt EFECT for evaluating reproducibility of partial 

differential equation (PDE) results during stochastic sampling when performing uncertainty 

quantification in physics-informed neural networks (PINNs, (46)). In summary, PINNs use deep 

neural networks to efficiently solve PDEs, uncertainty quantification of which requires training on 

results from stochastic sampling of PDE model parameters. EFECT can support such 

approaches for PDEs that are discretized using a fixed grid, where the PDE measurement at 

each grid point is treated like a model variable. We could qualitatively reproduce results in (46) 

and computed an EFECT error of 0.170 ± 0.0156 for the reported sample size of 1,000 used in 

uncertainty quantification, and of 0.0538 ± 0.00516 for a sample size of 10,000 (Source Code 

S3.39). We tested whether we could detect differences in four model parameters and found that 

the reported sample size allows decreasing one model parameter by 50%, or increasing it by 

https://sciwheel.com/work/citation?ids=11683158,9237619,10252653,17067251,12994139,17067252&pre=&pre=&pre=&pre=&pre=&pre=&suf=&suf=&suf=&suf=&suf=&suf=&sa=0,0,0,0,0,0&dbf=0&dbf=0&dbf=0&dbf=0&dbf=0&dbf=0
https://sciwheel.com/work/citation?ids=12994139&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=17067254&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=11333936&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=17067255&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=17067255&pre=&suf=&sa=0&dbf=0
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100%, without producing detectable differences in results, whereas a sample size of 10,000 

allows detection of both differences.  

Discussion 

EFECT is agnostic to modeling methodology, broadly supports analysis of stochastic simulation 

results, and is readily computable. Its methodological constraints are that evaluated results must 

be representable as vectors of evaluations of bounded, real-valued random variables. The 

interpretability of the EFECT error is independent of modeling methodology, ensuring that 

reproducibility metrics are interpretable and comparable across diverse model types. Our 

workflow produces a minimal data set supporting reproducible simulation without requiring 

storage of all simulation data (which would be required for comparing distributions via the 

Kolmogorov-Smirnov statistic and comparable), a major advantage for promoting reproducible 

stochastic simulation as a broadly accepted hallmark of credible stochastic modeling. While 

SBML and SED-ML standardize model structure and simulation procedures, EFECT uniquely 

addresses statistical reproducibility of simulation outcomes. Our SSR workflow with EFECT 

enables testing for reproduced simulation results according to a significance level, which could 

be determined a priori through consensus in various modeling communities with different 

expectations concerning tradeoffs in accuracy and computational cost.  

We evaluated the capability of EFECT to detect differences in stochastic simulation 

results due to a variety of causes. Among those tested, a structural difference between models 

is easiest to detect, and a single parametric difference is hardest to detect. The degree to which 

a parametric difference can be detected in stochastic simulation results depends on the 

sensitivity of the assessed model outputs to the parameter. This observation is deeply 

connected to the structural identifiability of a model and its parameters. It naturally follows that 

structurally nonidentifiable models permit scenarios where different parameter sets can produce 

indistinguishable outputs (47). Being a data-driven approach, EFECT cannot address 

identifiability issues, which are better reserved for model analysis techniques (48,49). Rather, 

EFECT provides a statistical foundation and workflow for modeling communities to develop 

standards and best practices for reproducible stochastic simulation results.  

The observed power law of EFECT error vs. sample size when testing reproducibility 

(Figure 1D) is an expected consequence of empirical-characteristic-function sampling rather 

than an artefact of the selected ECF domain. Since the ECF is the average of a bounded 

complex-valued random variable (defined in [ 2 ] below), its fluctuation amplitude when sampling 

from the same distribution shrinks at a rate proportional to the inverse square root of the sample 

size (by the Central Limit Theorem). Hence, a reproducibility test with EFECT can have arbitrary 

statistical power at the expense of computational cost. While this cost may not be a limitation 

when using an inexpensive modeling methodology like ODEs, EFECT quantifies distributions at 

specified times, which excludes simulation methods that samples time. We consider such 

outputs as outside of the scope of EFECT, which is concerned with quantify differences in 

distributions at given measurement times.  

SBML Test Suite has served the SBML community for verifying implementations of the 

Gillespie Stochastic Simulation Algorithm for nearly twenty years. EFECT can serve as the 

foundation for similar verification of simulators implementing other stochastic simulation 

algorithms. To this end, the EFECT report can be incorporated into the SED-ML standard. For 

example, in reference to SED-ML Level 1 Version 4, data for each model variable can be taken 

https://sciwheel.com/work/citation?ids=13330463&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=7152779,4720867&pre=&pre=&suf=&suf=&sa=0,0&dbf=0&dbf=0
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from DataSet entries specified in SEDBase::Output::Report::ListOfDataSets, where variable 

objects of corresponding data generators are scalar and output data includes simulation times. 

Sample size can be specified through a RepeatedTask. Parameter sampling (if any) can be 

specified through a RepeatedTask (i.e., via SetValue) for all distributions supported by SED-ML 

(i.e., those supported by MathML). Thus, specifying a SED-ML script for data generation during 

a Curator’s workflow naturally follows and could be automated using SED-ML library 

implementations (e.g., libSEDML in C++, Java, Python, and other programming languages). It 

would also naturally follow that EFECT could be made broadly available as a public service for 

stochastic simulation verification and reproducibility in BioSimulators.  

The computational cost of EFECT can be non-negligible when testing for reproducibility, 

depending on sample size and variance of results. With the prototype implementation in Python 

used in this work, tests for reproducibility in all test cases ranged over orders of seconds to 

hours. Furthermore, the sample sizes required to produce reproducible results may be 

prohibitive for computationally expensive simulations, though various modeling communities can 

decide what level of accuracy (i.e., a significance level) is appropriate for the typical 

computational cost of producing simulation results. Future work should develop infrastructure 

supporting usage of EFECT through our SSR workflow, including a markup language, publicly 

distributed libraries in popular scientific programming languages (e.g., C++, Python, R, Julia), 

hardware-accelerated algorithms, and online web services. Related strategies have been 

previously demonstrated for accelerating ECF computations (50). To this end, we have started 

such a software project, called “libSSR” (github.com/tjsego/libSSR), which is intended to provide 

such infrastructure in anticipation of future standardization efforts on stochastic simulation 

reproducibility. Current work is providing support in Python. Early work in application with 

libSSR has demonstrated supporting reproducibility studies (Source Code S3.40, S3.41, S3.42) 

with COPASI (51), libRoadRunner (36), the Multiscale Object Oriented Simulation Environment 

(52), and SimBio (53). We have developed an additional package, "mkstd" 

(github.com/dilpath/mkstd), which we used to implement the EFECT report. This implementation 

enables the reading, writing, and validation of EFECT reports in any of the HDF5, JSON, XML, 

and YAML file formats, independently of "mkstd", "libSSR", or Python. Future work should also 

define the computations and minimal necessary data to recover the probability distribution 

functions encoded in ECFs according to our standard data, which could provide an efficient 

means to share statistical model results using an enhanced form of the EFECT Report.  

Lastly, future work should promote community adoption of EFECT as a statistical 

reproducibility metric for stochastic simulation data by tools, public repositories, journals, 

modeling communities, and regulatory agencies. Importantly, EFECT is not intended to 

formalize all existing informal or formal uses of “reproducibility” or “replicability” across domains. 

Rather, it provides communities with capability to rigorously assess the statistical reproducibility 

of stochastic simulation results. EFECT, by using distributional statistics, offers an operational 

strategy for evaluating whether independent implementations produce consistent results from 

the same model specification and inputs, or whether independent input data produce consistent 

results from the same model specification and implementation. Hence, EFECT is applicable 

across different definitions of “reproducibility” and “replicability”, extending beyond the traditional 

reproducibility assessment that requires using the same random number generator seed. 

Simulation tools could provide built-in features that perform our Modeler’s workflow. 

Modeling communities could develop standard test cases like those performed here to develop 

https://sciwheel.com/work/citation?ids=16253162&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=17903299&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=16246173&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=17903300&pre=&suf=&sa=0&dbf=0
https://sciwheel.com/work/citation?ids=16719622&pre=&suf=&sa=0&dbf=0
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consensus on EFECT convergence points that define sufficiently reproduced results. Such was 

how we chose the ad hoc convergence point used in this work, which produced marginal false 

positives (e.g., Figure 1E) in a reasonable amount of time for the modeling methodologies we 

primarily used. Communities that use expensive or exceptionally stochastic simulations may be 

inclined to adopt more forgiving criteria for reproducibility. Public repositories could curate 

stochastic models according to EFECT convergence points and report EFECT errors from 

testing for reproduced results. Journals could promote or even require including our standard 

data as supplementary information accompanying publication of stochastic models (3,16). 

Regulatory agencies could define what EFECT convergence point must be met, or proven, for 

stochastic simulation results to be considered valid evidence supporting applications and 

guidance on policymaking.  

Methods 

We test for equality in distribution of two stochastic processes 𝑋(𝑡) and 𝑌(𝑡) by testing whether 

the two stochastic processes have the same unknown probability distribution 𝑓(𝑥;  𝑡) (i.e., 

𝑋(𝑡) =
𝒟

𝑌(𝑡) if and only if 𝑋, 𝑌~𝑓). Our test is performed over an arbitrary set of simulation times 

on samples produced from repeated execution of stochastic simulation without regard for 

determining, or performing any characterization of, the underlying distribution(s). Rather, our 

method relies on the limit behavior of empirical distributions. Specifically, our method relies 

characteristic functions (CFs). For a stochastic process 𝑋(𝑡), the CF 𝜙𝑋(𝜏; 𝑡) is defined as  

𝜙𝑋(𝜏; 𝑡) = 𝔼[𝑒𝑖𝑋(𝑡)𝜏]. [ 1 ] 

 

Here 𝜏 is a transform variable and 𝑖 is the imaginary unit. We built our method around CFs 

because of specific useful properties of a CF: 1. The magnitude of all CFs is in [0,1], which 

allows assessment of model variables without case-specific decision-making to handle their 

statistical features (e.g., means at different orders of magnitude); 2. A CF supports all bounded, 

real-valued random variables, whether discrete or continuous, whereas the probability 

distribution function only supports continuous random variables; and 3. The empirical 

characteristic function (ECF) is naturally computed from a sample of stochastic simulation 

results (54). For a sample {𝑋𝑖(𝑡)}𝑖=1
𝑛  of size 𝑛 of 𝑋(𝑡) at time 𝑡, the ECF 𝜙𝑋,𝑛(𝜏; 𝑡) is defined as  

𝜙𝑋,𝑛(𝜏; 𝑡) =
1

𝑛
∑ 𝑒𝑖𝑋𝑗(𝑡)𝜏

1≤𝑗≤𝑛

 [ 2 ] 

 

We use Lévy’s Continuity Theorem to test for equality in distribution of simulation results: 

for samples {𝑋𝑖(𝑡)}𝑖=1
𝑛  of 𝑋(𝑡) and {𝑌𝑖(𝑡)}𝑖=1

𝑛  of 𝑌(𝑡), {𝑋𝑖(𝑡)}𝑖=1
𝑛

𝒟
→ 𝑋(𝑡) if and only if lim

𝑛→∞
𝜙𝑋𝑛

(𝑡) =

𝜙𝑋(𝑡), and likewise for {𝑌𝑖(𝑡)}𝑖=1
𝑛  and 𝑌(𝑡). For two sampled random processes 𝑋(𝑡) and 𝑌(𝑡) 

over 𝑡 ∈ 𝒯, we test for pointwise convergence of the characteristic functions 𝜙𝑋(𝜏; 𝑡) and 

𝜙𝑌(𝜏; 𝑡) over 𝜏 ∈ 𝓉 to the same unknown distribution using the EFECT error 𝛿,  

𝛿 (𝜙𝑋,𝑛(𝜏; 𝑡), 𝜙𝑌,𝑛(𝜏; 𝑡)) = sup{|𝜙𝑋,𝑛(𝜏; 𝑡) − 𝜙𝑌,𝑛(𝜏; 𝑡)| ∶ 𝜏 ∈ 𝓉, 𝑡 ∈ 𝒯}. [ 3 ] 

 

It naturally follows that 𝑋(𝑡) =
𝒟

𝑌(𝑡) if and only if 𝛿 (𝜙𝑋,𝑛(𝜏; 𝑡), 𝜙𝑌,𝑛(𝜏; 𝑡)) → 0 as 𝑛 → ∞. When 

https://sciwheel.com/work/citation?ids=1006581,16467330&pre=&pre=&suf=&suf=&sa=0,0&dbf=0&dbf=0
https://sciwheel.com/work/citation?ids=16247228&pre=&suf=&sa=0&dbf=0
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comparing two samples of a model, we consider the maximum EFECT error of all stochastic 

variables of the model as the EFECT error of the two samples.  

Methodological Details 

Our test for reproducibility evaluates the likelihood that a sample would be assessed as 

reproduced by another sample of the same model according to comparison of generated ECFs. 

A sample of size 2𝑁 is tested for reproducibility by sampling the EFECT error [ 3 ] via random 

selection and evaluation of two 𝑁 − combinations. If the sample produces statistics of the 

EFECT error that satisfy some a priori criterion, an EFECT convergence point, then the sample 

is considered sufficiently reproducible. While we intend in this work to enable consensus 

building as to what criterion should be considered broadly acceptable, generally an EFECT error 

closer to zero produces more reliably reproducible results. Tests thus far suggest that requiring 

an EFECT error mean below 0.05 may be unnecessarily demanding to detect differences in 

samples that may not be significant to some modeling communities (Figure 1).  

The CF has support for the transform variable (i.e., 𝜏 in [ 1 ] and [ 2 ]) over the real line. 

Since the intent of the EFECT report is to encode sufficient information to test whether the 

sample represented by the EFECT report is sufficiently reproduced by another sample, we 

define a parameterization of the domain of ECFs to produce representative evaluations to test 

for equality. Specifically, choosing an excessively small domain produces evaluations that are 

all approximately equal to one, while choosing an excessively large domain can produce 

evaluations that are equal to either one (i.e., when 𝜏 = 0) or zero elsewhere (since, by Riemann-

Lebesgue theorem, 𝜙𝑋(𝜏; 𝑡) → 0 as |𝜏| → ∞ if 𝑋 has a density, of which 𝜙𝑋(𝜏; 𝑡) is the Fourier 

dual). We rewrite [ 1 ] to produce a form for parameterizing the domain over which to evaluate 

an ECF,  

𝜙𝑋(𝜏; 𝑡) = 𝜃(𝜏; 𝑡)√(𝔼(cos(𝑍(𝑡)𝜎(𝑋(𝑡))𝜏)))
2

+ (𝔼(sin(𝑍(𝑡)𝜎(𝑋(𝑡))𝜏)))
2

, 

𝜎(𝑋(𝑡))𝑍(𝑡) = 𝑋(𝑡) − 𝜇(𝑋(𝑡)). 
[ 4 ] 

 

Here 𝜃(𝜏; 𝑡) is the phase of 𝜙𝑋(𝜏; 𝑡), the details of which are unimportant here except to note 

that |𝜃(𝜏; 𝑡)| = 1, and 𝑍(𝑡) is standardized 𝑋(𝑡) with mean 𝜇(𝑋(𝑡)) and standard deviation 

𝜎(𝑋(𝑡)). Oscillations in the amplitude of 𝜙𝑋(𝜏; 𝑡) are expected to occur on the scale of periods 

inversely proportional to the standard deviation of 𝑋(𝑡) (since 𝑍(𝑡) is standardized), hence we 

evaluate an ECF over 𝑚 periods inversely proportional to the standard deviation,  

𝜏 ∈ [0,
2𝜋𝑚

𝜎(𝑋(𝑡))
] , 𝑚 ≥ 1. [ 5 ] 

 

In application, we evaluate ECFs over a uniform distribution of the transform variable according 

to [ 5 ] for a given value of 𝑚. All results in this work were performed with a value of 𝑚 equal to 

3 and 100 uniformly distributed values of the transform variable, which were determined ad hoc 

by inspection of results. Generally, greater values of 𝑚 for the same number of evaluations risks 

loss of sufficient encoding, and greater numbers of evaluations increases the storage 

requirements of the EFECT report. We make no formal recommendation here as to what values 

for these parameters should be broadly acceptable except to note that preliminary tests suggest 

that a value of 𝑚 equal to one may be sufficient for a number of evaluations on the order of 100, 
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whereas increasing the number of evaluations nearer to 1,000 may provide marginal 

improvements to the quality of encoding for at least 𝑚 equal to three (Source Code S3.28, 

S3.29).  

Testing for reproduced results is performed using the null hypothesis that the EFECT 

error from comparing Modeler and Curator ECFs was taken from the same distribution as the 

EFECT error from the Curator’s test for reproducibility. Assessment of whether results have 

been reproduced is performed according to an a priori significance level using Chebyshev’s 

inequality for unknown population mean and variance (55). For Curator’s and Modeler’s 

stochastic processes 𝑋(𝑡) and 𝑌(𝑡), respectively, a Curator performs the test for reproducibility 

with their model implementation and generates a sample of EFECT error 𝛿𝑋𝑋 with sample size 

𝑛, mean 𝛿𝑋̅𝑋, and variance 𝛿𝑋𝑋. The Curator then generates an EFECT error 𝛿𝑋𝑌 by comparing 

the ECF(s) of their sample to that(those) reported by the Modeler and calculates the probability 

that 𝛿𝑋𝑌 was taken from the same distribution as 𝛿𝑋𝑋,  

Pr(|𝛿𝑋𝑋 − 𝛿𝑋̅𝑋| ≥ |𝛿𝑋𝑌 − 𝛿𝑋̅𝑋|) =
1

𝑛 + 1
⌊
𝑛 + 1

𝑛
(

𝑛2 − 1

𝑛

𝛿𝑋𝑋

(𝛿𝑋𝑌 − 𝛿𝑋̅𝑋)
2 + 1)⌋. [ 6 ] 

 

Hence, the Curator concludes whether they have reproduced the Modeler’s results via testing of 

the null hypothesis for a significance level 𝛼,  

𝑋 =
𝒟

𝑌 ↔ Pr(|𝛿𝑋𝑋 − 𝛿𝑋̅𝑋| ≥ |𝛿𝑋𝑌 − 𝛿𝑋̅𝑋|) ≥ 𝛼. [ 7 ] 

 

Implementation Details 

ODEs were executed with libRoadRunner v2.4.0, except those described as being executed in 

COPASI v4.42. Stochastic ODE simulation with libRoadRunner was performed using the 

libRoadRunner implementation of the Gillespie stochastic simulation algorithm. ODEs executed 

in libRoadRunner were specified in Antimony v2.13.4 (56) to generate SBML specification, 

except those imported from BioModels. ODEs executed in COPASI were specified using 

generated SBML from Antimony specification. Parameter sampling for ODE simulation with 

libRoadRunner was performed using methods provided in SciPy v1.11.3 (57). The GSW ABM 

NetLogo implementation was executed in NetLogo v6.1.1 (September 26, 2019; Source Code 

S4.2); the MATLAB implementation was executed in MATLAB 2020b (Source Code S4.1); the 

Python implementation was executed in Python v3.10.13 (Source Code S4.3). All ECF 

generation and analysis was performed using library functions available in NumPy v1.26.0 (58). 

The stochastic Boolean network model was executed in the MaBoSS deployment in 

CompuCell3D v4.5.0 (59). Source code to perform all tests and analyses in Python and 

simulations with libRoadRunner and MaBoSS are available in Source Code S2. Source code to 

perform data generation with COPASI is available in Source Code S5. Source code to install all 

Python dependencies is available in Source Code S1. All project source code for this work is 

available at https://github.com/tjsego/ssr_project_2024. Instructions to install Python 

dependencies and execute Python source code and Jupyter Notebooks are available in 

Instruction S1. The executable Jupyter notebooks are also available in the public repository’s 

notebook directory; rendered versions are included in the supplementary file. 
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