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Abstract This study focuses on a two-scale, continuum
multicomponent model for the description of blood perfusion and cell metabolism in the liver. The model accounts
for a spatial and time depending hydro-diffusion–advection–
reaction description. We consider a solid-phase (tissue)
containing glycogen and a fluid-phase (blood) containing
glucose as well as lactate. The five-component model is
enhanced by a two-scale approach including a macroscale
(sinusoidal level) and a microscale (cell level). The perfusion on the macroscale within the lobules is described by a
homogenized multiphasic approach based on the theory of
porous media (mixture theory combined with the concept of
volume fraction). On macro level, we recall the basic mixT. Ricken (B) · D. Werner
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ture model, the governing equations as well as the constitutive framework including the solid (tissue) stress, blood pressure and solutes chemical potential. In view of the transport
phenomena, we discuss the blood flow including transverse
isotropic permeability, as well as the transport of solute concentrations including diffusion and advection. The continuum multicomponent model on the macroscale finally leads
to a coupled system of partial differential equations (PDE). In
contrast, the hepatic metabolism on the microscale (cell level)
was modeled via a coupled system of ordinary differential
equations (ODE). Again, we recall the constitutive relations
for cell metabolism level. A finite element implementation
of this framework is used to provide an illustrative example, describing the spatial and time-depending perfusion–
metabolism processes in liver lobules that integrates perfusion and metabolism of the liver.
Keywords Multi phase · Multi component · Two scale ·
Liver tissue · Liver perfusion · Sinusoidal perfusion · Hydrodiffusion–advection-reaction model · Cell metabolism ·
Coupled problem · Porous media

1 Introduction
The liver is a vital organ in vertebrates and plays a key
metabolic role for the whole body. Main metabolic functions are among others detoxification, protein synthesis and
metabolic homeostasis. A central task of the liver is the homeostasis of the blood glucose within a range of maximal 9
mM after food intake and minimal values of around 3mM
after fasting and exercise. The liver is crucial for glucose
regulation due to its ability (i) to store glucose in its storage form glycogen and (ii) to switch between hepatic glucose production (HGP) when glucose is low (hypoglycemia)
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and hepatic glucose utilization (HGU) when glucose is high
(hyperglycemia) (Gerich 1993; König et al. 2012).
The glucose produced by the liver originates either from
de novo glucose synthesis from precursors like lactate, a
process called gluconeogenesis, or it is released from glycogen (glycogenolysis). On the other hand, glucose utilized
by the liver either can be stored as glycogen (glycogen synthesis) or be used for energy production in glycolysis. Glucose homeostasis is controlled by several hormones, with
insulin and glucagon being the main counteracting players.
Insulin lowers blood glucose, whereas glucagon raises glucose levels, and therefore plays an important role in counterregulation to hypoglycemia. The effect of these hormones is
due to the activation of signaling cascades in the target organs,
consequently resulting in adaptation of metabolic pathways.
Hepatocytes, the main cell type of the liver, are the central
place of metabolism. Hepatocytes are arranged in hexagonal functional segments, called liver lobules. The liver lobules are arranged in lattice, see Fig. 1. Each corner of the
hexagonal lobule harbors the so-called portal triad which is
formed by the bile duct collecting the bile fluid produced
by the hepatocytes, an artery ensuring the supply of oxygen
enriched systemic blood and a portal vein delivering nutrientrich blood from the digestive organs, see Fig. 2. In the center of each lobule, the central vein drains the blood coming
from the portal triad. The numerous capillaries connecting
the peri-portal blood vessels of the portal triad with the central vein are called sinusoids. They are flanked by columns
of tightly connected hepatocytes. This liver-specific arrangement of blood vessels entails an anisotropic blood flow in the
liver lobules.
The geometry and local density of sinusoids in a liver lobule may considerably vary in a seemingly erratic manner (see
Fig. 4) thus making it all but impossible to model microcirculation based on an accurate discrete geometrical description
of the sinusoidal network. Therefore, an attractive alternative
is to apply multiphasic mixture theory based on the theory of
porous media (TPM); see de Boer (1996, 2000) and Ehlers
(2002). The main difference of the TPM to other multiphasic theories, such as the mixture theory, cf. Bowen (1976a),
Truesdell and Toupin (1960), Mow et al. (1989), Lai et al.
(1991) or Biot’s theory, cf. Biot (1935, 1941), is the introduction of the constitutive framework; see de Boer (1996),
de Boer (2000) or Lu and Hanyga (2005).
The presented investigation is based on the liver perfusion
model given in Ricken et al. (2010). Alternative liver perfusion models can be found in Debbaut et al. (2014) or Siggers
et al. (2014).
In this contribution, we focus on the interaction between
liver blood perfusion and cell metabolism. Moreover, remodeling aspects with respect to a change in the microperfusion
direction are also considered, see Sect. 4.1.
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Fig. 1 Structure of a lattice of liver lobules

Fig. 2 Structure of one liver lobule

2 Basic liver model on microperfusion level
From a more biomechanical point of view, the components
of soft biological tissues show a high similarity among each
other. Generally, they consist of two phases, namely a porous
solid body (solid phase) saturated with fluids (fluid phase),
e.g. blood, lymph or bile. For the macroscopic lobule level, a
continuum mechanical, multiphasic formulation to describe
the anisotropic blood flow will be presented. For the microscopic level, we present an embedded set of ordinary differential equations describing the hepatic metabolism. Different
scales are depicted in Fig. 3.
2.1 Mixture body
The considered porous body ϕ consists of κ = 2 phases ϕ α ,
namely a solid ϕ S and a fluid ϕ F (α ∈ {S, F}). Both phases
are considered as mutually immiscible materials that are heterogeneously composed. For the representation of phase ϕ α
including miscible substances, we follow the classical mixture theory, cf. Bowen (1976b), Greve (2003), Hutter and
Jöhnk (2004). Therefore, we split each immiscible phases
ϕ α into ν components, namely into one carrier phase ϕ α ,
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Fig. 3 Macro (liver, lobes and segments), meso (lobule) and microstructure (microcirculation in sinusoids) of the liver

called solvent and μ = ν − 1 miscible substances ϕ αβ ,
called solutes. To be more general, by default, all miscible
substances ϕ αβ can exist in each solvent ϕ α . Consequently,
π = (μ + 1) κ = ν κ denotes the maximum number of possible components. Thus, the composition of the considered
body ϕ can be expressed via
⎡
⎤
κ
κ
ν−1



⎣ϕ α +
ϕα =
ϕ αβ ⎦ .
(1)
ϕ=
α=1

α=1

β=1

2.2 Volume fractions and concentrations
The overall volume of the whole mixture is denoted by dv,
the partial volume of the phase ϕ α by dvα and the volume of
the main carrier phase ϕ α by dvα . If the impact of a solute ϕ αβ
on the phase volume dvα of the solvent ϕ α is insignificantly
small, the assumption holds that the volume of the phase ϕ α
is nearly equivalent to the volume of the carrier phase ϕ α ,
i.e., the simplification
dvα = dvα

(2)

is reasonable and will be presumed in the following contribution. Although the volume of overall phase ϕ α is set to be
independent of the solute ϕ αβ , it must be pointed out that
the mass of the phase ϕ α will be influenced by the solute
ϕ αβ since the partial molar density ρ αβ stays a function of
the solvent molar concentration cαβ , see Eq. (12). A detailed
description of the used kinematics is given in the “Kinematics” section of Appendix.
To account for the contribution of different phases, solvents or solutes in a mixture, a natural and convenient variable is the concentration which can be expressed in different
ways:

– volume fraction (also volume concentration):
 3
dvα
m
α
= [−],
, Unit:
n =
dv
m3

(3)

ratio of the partial volume dvα of one constituent to the
overall volume dv.
– Partial density (also mass concentration on mixture volume basis):


kg
dmα
,
(4)
, Unit:
ρα =
dv
m3
ratio of the partial mass dmα of one constituent to the
overall mixture volume dv.
– True density (also mass concentration on constituent volume basis):


dmα
kg
,
(5)
,
Unit:
ρ αR =
dvα
m3
ratio of the partial mass dmα of one constituent to partial
volume dvα of that constituent.
– Mixture volume molar concentration:


β
dnmol
mol
β
,
(6)
c =
, Unit:
dv
m3
β

number of moles dnmol of a solute ϕ αβ in a solvent ϕ α
with respect to the overall mixture volume dv.
– Solvent volume molar concentration (also molarity of
solute in a solution):


β
dnmol
mol
αβ
,
(7)
, Unit:
c =
dvα
m3
β

number of moles dnmol of a solute ϕ αβ in a solvent ϕ α
with respect to the solvent volume dvα
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The first three definitions are feasible to describe compositions of mutual immiscible components like fluid and tissue, whereas the latter two definitions are suitable for the
description of solutions or molecules bound to the tissue.
The mixture volume molar concentration cβ is adequate for
modeling growth of solute content, cf. Ateshian et al. (2009),
whereas the molarity of solute in a solution cαβ is compatible with the common usage in chemistry and very feasible
to describe chemical and biochemical reactions.
Here, we use the volume fraction nα , as well as the partial
and true density ρ α and ρ αR for the description of the immiscible phases, whereas the miscible components are captured
by the molar concentration cαβ based on solvent volume. In
view of the volume fractions, the saturation condition
S,F


n (x, t) ∼
=
α

α

S,F

α

S,F

ρα
n (x, t) =
=1,
ρ αR
α
α

(8)

nα ∼
= nα = nα (x, t), ρ αR = ρ αR (x, t),

(9)

ρ α = ρ α (x, t) = nα ρ αR ,

is considered with x as the position vector of the spatial point
X in the actual placement and t as the time; see, e.g., de Boer
(2000) and “Kinematics” section of Appendix. Due to the
presumption made in (2), it must be pointed out that only
volume fractions of the main carrier phases ϕ α are considered
in the saturation condition since the volume fractions of the
solutes ϕ αβ are negligibly small.
The molecular weight of a constituent is given with the
invariant
β

dmβ
β
dnmol

g
,
mol

(10)

which leads with
β

β

dmβ = cαβ Mmol dvα = nα cαβ Mmol dv =: ρ αβ dv

(11)

by using (3) to the definition of the partial molar density
β

ρ αβ := nα cαβ Mmol ,
ρ αβ

(12)
ϕ αβ

i.e.,
denotes the molar mass of the substance
with
respect to the volume dvα of the carrier phase ϕ α . By evaluating the balance equation of mass for the concentrations
(22), a supply of concentrations can also be expressed via
ĉαβ =

ρ̂ αβ
β

Mmol

,

(13)

whereas ρ̂ αβ denotes the mass supply terms within the balance equation of mass.
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The field equations for the investigated porous media contain
the balance equations of the phases ϕ α . We exclude additional
supply terms of moment of momentum (nonpolar materials:
supply terms of moment of momentum cannot be considered since these materials have no local rotational degrees of
freedom). Thus, the balance equations for a saturated porous
medium with respect to isothermal processes are given by the
local statements of the balance equations of mass, momentum and moment of momentum via
(ρ α )α + ρ α div xα = ρ̂ α ,
div Tα + ρ α (b − xα ) = ρ̂ α xα − p̂α ,
Tα

has to be fulfilled, where

Mmol :=

2.3 Balance equations and constraint conditions

=

(14)

(Tα )T .

In (14), “div” denotes the spatial divergence operator, Tα is
the partial Cauchy stress tensor and ρ α b specifies the volume
force. The quantities ρ̂ α and p̂α represent the mass supply
between the phases and the interaction forces of momentum
of the constituents ϕ α , respectively. In addition, ρ̂ α xα specifies the moment resulting from the mass supply. Following
the metaphysical principles of Truesdell (1984), the overall
mixture body has to behave like a one component body which
leads to the restrictions

κ
κ  
ν−1


α
αβ
α
+ ρ̂
= 0,
ρ̂ =
ρ̂
α=1
κ

α=1

α=1

α

p̂ =

β=1

κ 


ν−1


α=1

β=1

αβ

p̂

α



+ p̂

(15)
= o.

3 Assumptions
In this contribution, we consider that the liver consists of two
phases ϕ α with α ∈ {S(liver tissue), F(blood)}. The liver tissue matrix ϕ S is composed of the hyperelastic tissue matrix
ϕ S build of hepatocytes which include glycogen as an internal solute ϕ SGy , whereas the fluid phase consists of blood
ϕ F which includes glucose ϕ FGu and lactate ϕ FLc . Thus, we
consider the sets
P α := {S, F} = {αi | i = 1 . . . 2}
P Sβ := {Gy} = {βi | i = 1}
P Fβ := {Gu, Lc} = {βi | i = 1 . . . 2}

for ϕ α | α ∈ P α ,
for ϕ Sβ | β ∈ P Sβ ,
for ϕ Fβ | β ∈ P Fβ ,
(16)

so that with (1) the decomposition of mixture body is given
via
ϕ = ϕ S + ϕ SGy + ϕ F + ϕ FGu + ϕ FLc .

(17)

We assume that glycogen is solely present in the tissue and
glucose and lactate solely in the blood.
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According to “Kinematics” section of Appendix, we
define an independent motion function for the hepatocytes
with χ S (XS , t), where XS defines the reference position
of the hepatocytes and t denotes the time. Since glycogen
ϕ SGy is stored in the hepatocytes, we assume identical reference positions XSGy = XS . Moreover, the motion functions

= xS are idenχ S (XS , t) = χ SGy (XS , t) and velocities xSGy
tical.
Due to convection and diffusion transport, see (67), the
motions and velocities of blood, glucose and lactate have
to be considered independently so that we define the independent reference positions XF , XFGu and XFLc , motion
fields χ F (XF , t), χ FGu (XFGu , t) and χ FLc (XFLc , t) as well


= xFGu
(XFGu , t) and
as velocities xF = xF (XF , t), xFGu


xFLc = xFLc (XFLc , t).
In this approach, wave propagation and volume forces
of the solutes are neglected. Thus, we exclude accelerations
xα = o and assume b = o, both for all phases.
We only assume an exchange of content between the
solutes ϕ αβ , which leads with (15)1 to
κ


α

ρ̂ = ρ̂

SGy

+ ρ̂

FGu

+ ρ̂

FLc

= 0.

(18)

α=1

The moment production caused by the mass exchange of the
solutes ρ̂ αβ xβ , see (14)2 , is assumed to be significantly small
and is neglected in the model. However, the interaction forces
act between all components which result from (15)2 in
κ


α

p̂ = p̂ + p̂ + p̂
S

F

SGy

+ p̂

FGu

+ p̂

FLc

= o.

(19)

α=1

Moreover, we assume that the true density of the tissue matrix
ρ SR and the blood ρ FR are constant ((ρ SR )S = 0, (ρ FR )F =
0), where the definition of the material time derivation is
given in the “Kinematics” section of Appendix. The assumption of a material incompressible tissue is reasonable since
the material compressibility of the tissue itself is much
smaller than the compressibility of the overall empty porous
body, see de Boer (2000), Ehlers (2002). Thus, the volumetric deformation of the mixture body results from the change
of pore space, namely a change of the volume fraction nα
with α = α, which leads to a macroscopic volumetric deformation. Since the volume fraction of the overall solutes ϕ αβ
is negligible in contrast to the phases ϕ α , see Sect. 2.2, we
did not consider any volume change in dependency of a concentration variation and the saturation condition (8) reads
n + n = 1.
S

F

(20)

Finally, we consider the liver to be isothermal.
4 Field equations and constitutive modeling
In summary, a quasi-static, bi-phasic, ternary-substances
model is derived taking into account an incompressible solid

phase ϕ S and an incompressible fluid phase ϕ F , both carrying additional substances ϕ αβ , under isothermal conditions
with phase transition between the substances only. One internal substances ϕ Sβ with Sβ ∈ {Glycogen} stored in the
solid phase and two external substances ϕ Fβ with Fβ ∈
{Glucose, Lactate} that exist in the liquid phase are postulated, each indicated by the amount of concentration cαβ .
For the calculation of the unknown quantities, independent
field equations are required. Therefore, we consider the constraint conditions associated with the mass exchange (18), the
interaction forces (19), and the volume fractions (20). Provided that all phases are incompressible, the set of coupled
field equations for the description of anisotropic perfusion
and cell metabolism is given by the balance equations of
mass for the solid and liquid phase,
(nS )S + nS div xS = 0, (nF )F + nF div xF = 0,

(21)

see (63)1,2 , the balance equation of mass for the internal and
external substances,
(nS )S cSβ + nS (cSβ )S + nS cSβ div xS − ĉSβ = 0,

(22)


− ĉFβ = 0,
(nF )S cFβ +nF (cFβ )S +div jFβ +nF cFβ div xFβ

see (66), the balance equations of momentum for the constituents α,
div TS = −p̂S , div TF = −p̂F ,
div TSβ = −ρ̂ Sβ xS − p̂Sβ ,
div

TFβ

=

ρ̂ Fβ (wFβS

+ xS ) − p̂Fβ

(23)
,

considering the assumption that ρ̂ α = 0, see Sect. 3, and the
material time derivative of the saturation condition,
− (nS )S − (nF )F + grad nF · wFS = 0 ,

(24)

 − x in (23) and w
see (49). The quantities wFβS = xFβ
FS =
S


Fβ
xF −xS in (24) are the velocities of the external solutes c and
the liquid phase relative to the solid (seepage velocities). For
the derivation of the balance equation of mass for the solutes
(22), the relations stated in (12) and (13) have been used.
Additionally, in (22)2 the solvent flux jFβ = nF cFβ wFβS , see
(67), has been introduced.

4.1 Transversely isotropic permeability and remodeling
The permeability properties of a healthy liver are mainly
influenced by the arrangement of the sinusoids, see Fig. 4.
The sinusoids guide the blood along plates of hepatocytes
from the portal triad to the central vein. This leads to an
anisotropic permeability since the permeability parallel to
the sinusoids is much higher than normal to the sinusoids.
In Debbaut et al. (2014), the influence of the transverse
isotropic permeability and the vascular septum (vascular surfaces between adjacent lobules where part of the blood enters
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Fig. 4 Image of a liver lobule; the center shows the central vein surrounded by the sinusoids, Hall (2006). The hepatic microcirculation was
observed with an optical device using the technique of Orthogonal Polarization Spectral (OPS) Imaging (Cytoscan, Cytometrics, Inc., Philadelphia, PA, USA). This device allows real-time microscopic observation
of the microcirculation of organ surfaces in vivo. The probe is gently
placed on a serous organ surface and emits polarized light with a wavelength of 550 nanometers. Light penetrates into the tissue where most
of it depolarizes and creates a virtual light source in the tissue

the lobule) on the blood flow behavior in liver lobes have
been investigated. It results that both the transverse isotropic
permeability and the bordering vascular septum considerably change the pressure and velocity state. However, in
human liver, the fibrovascular septum does not show distinct physicochemical and readily discernible morphologic
properties.
Yet, the sinusoidal network is a highly adaptive system
that also allows for focal distension of the sinusoidal diameter, resulting in a focally disparate sinusoidal flow. We could
demonstrate that the dilatation of sinusoids allows for functional shunts in the case of hepatovenous outflow obstruction.
Over time, these dilated sinusoidal structures undergo vascularization and transformation into sinusoidal canals—also
showing CD34 expression of endothelial cells, cf. Dirsch et
al. (2008). This finding highlights the plasticity of the sinusoidal meshwork and indicates that permanent changes in
flow are accompanied by structural changes in the sinusoidal
endothelial cells.
In Debbaut et al. (2014), the authors stated that in order
to achieve homogenous sinusoidal perfusion vascular septa
must be available—however, the direct morphologic proof
is missing. The study of Teutsch (2005) could fill the gap.
Surrounding portal tracts, he described an accentuation of
perfusion indicating vascular septa. The author speculated
that dilated sinusoids—termed septal sinusoids—could be
the morphologic basis. However, these sinusoids are defined
by their location in the watershed area of lobules but not based
on histologic properties. Based on the pictures provided in
Teutsch (2005), this area of vascular septa is not a continuous
layer but shows gaps.
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Since no signs of vascularization of sinusoids in the watershed areas containing septal sinusoids can be detected, it must
be concluded that vascular septa are not structurally but may
functionally be defined. Following this idea, sinusoids could
act as functional vascular septa preferentially providing other
sinusoids with blood. However, quite a lot of dynamics in
respect to the extent of sinusoidal supply must be expected.
In this study, we dispense with the assumption of a functional vascular septa and assume an inflow only at the portal
triad. However, further studies will be done to investigate the
influence of functional vascular septa on the inflow boundary
conditions w.r.t liver lobules.
The transverse isotropic permeability is considered according to Ricken et al. (2010). In (24), we already introduced
the seepage velocity wFS = xF − xS as a material objective
measure for the difference in velocity of the liquid and solid
phase. The filter velocity nF wFS can be determined as
nF wFS = (nF )2 RF−1 (−grad λ),
(25)
cf. Ricken et al. (2010), where RF is a positive definite material parameter tensor representing the intrinsic hydraulic resistance of the lobule, λ is the pore pressure and b is the body
force per unit mass. With this equation for the filtration velocity, the fact that the motions of both solid and liquid are
connected by the interaction forces p̂L = −p̂S , and considering thermodynamic restrictions (see, e.g., Ricken and
Bluhm (2009, 2010)), we propose the anisotropic intrinsic
permeability of the liver tissue KF as (cf. Pierce et al. 2013b)
m
F
n
KF = (nF )2 RF−1 = k0S
M∗ ,
S
1 − n0S
(26)
1 − 3κ
∗
M,
M =κI+
I4
where the (spatial) structural tensor M is defined as M =
a⊗a = FS a0 ⊗FS a0 = FS M0 FST and I4 = CS ·M0 . The permeability is deformation dependent, cf. Eipper (1998), and is
parameterized by the initial Darcy permeability k0S [m4 /Ns]
and m, which denotes dimensionless material parameter controlling the general isotropic deformation dependency of the
permeability; also see, e.g., Ehlers (2002), Ricken (2002),
Ricken and de Boer (2003). Inclusion of the volume fraction
nF relates to the change of permeability caused by the change
S denotes the reference solid volume
of pore space, where n0S
fraction. Here, we use κ to define the range of permeabilities
resulting from ideal alignment of sinusoids (κ = 0) to an
isotropic distribution of the sinusoids (κ = 1/3).
In case of remodeling processes of sinusoids, i.e., the
change of preferred direction of the mirco perfusion, an
updating algorithm has been developed in Ricken et al.
(2010) for 2D, which was enhanced for 3D in Werner et al.
(2012). Therein, the evolution of preferred sinusoids direction is driven by the pressure gradient, see “Evolutionary
approach for preferred flow direction” section of Appendix.
We define remodeling as a change in structure that is achieved
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by reorganizing existing constituents, see Humphrey and
Rajagopal (2002). A general study of biological remodeling
is given in Garikipati et al. (2006) and specific applications
can be found e.g. for bones in Hariton et al. (2007), the artery
wall Kuhl and Holzapfel (2007); Valentin et al. (2013) or in
glaucoma Grytz et al. (2012a, b).
5 Stresses and interaction forces
Postulating a Neo-Hookean Helmholtz free energy function
for the solid


1
1
1
ψ S = S λS (ln JS )2 −μS ln JS + μS (tr(CS )−3) ,
2
2
ρ0S
(27)
with the Lamé constants λS
tion for the solutes
ψ

αβ

=−

1
β

Mmol cαβ



and μS


Rθ

ln

and the free energy func-

cαβ
αβ

c0




+1


αβ
+ μ0

(28)

where R [J/(mol K)] is the general gas constant, θ [K] is
αβ
the temperature of the mixture, μ0 [J/mol] is the reference
αβ
chemical potential, and c0 [mol/m3 ] denotes the reference
concentration.
The postulation of the Helmholtz free energy function in
(28) is similar to that used in Ateshian (2007) and motivated
by the fact that the resulting chemical potentials, cf. (29)4 ,
correspond to the formulation given in literature, see eg. Job
and Herrmann (2006). Inserting (27) and (28) into the restrictions resulting from the evaluation of entropy inequality (58)
we obtain
TS =
=
TF =
=
TFβ

=

1 S
(λ lnJS I + 2μS KS ) − nS λ I
JS
TSE − nS λ I,


cFβ
Fβ
F
n Rθ ln Fβ + μ0 I − λ nF I
c0
nF (μFβ − λ) I = −nF pFR I,


cFβ
Fβ
F
−n Rθ ln Fβ + μ0 I
c0

(29)

= −nF μFβ I,
μαβ = R θ ln

cαβ
αβ
c0

αβ

+ μ0 ,

where use has been made of the Karni-Reiner strain tensor KS = 1/2 (BS − I), the left Cauchy-Green tensor
BS = FS FST , the extra stress TSE of the solid phase, the
fluid pressure pFR = λ − λFβ and the chemical potential μαβ
of the solutes according to (58)3 , cf. e.g. Job and Herrmann
(2006); Ateshian (2007).

The assumption of an isotropic solid stress-strain behavior
is a simplification. However, this simplification seems to be
reasonable since liver lobule tissue (in contrast to the collagenous liver capsule, cf. Kerdok (2006)) includes no collagen
fibers and the stiffness behavior results from the venous pressure, cf. Millonig et al. (2010). However, a minor anisotropic
solid tissue response can be expected from the inner liver
lobule structure, since the sinusoids are oriented transversal
isotropically. If the resulting (locally) transversely isotropic
stress behavior should also be reflected in the constitutive
model, an additive decomposition of the superimposed solid
Helmholtz free energy function ψ S is suggested into an
S , and a transversely isotropic part
isotropic matrix part ψIM
S , i.e.,
ψFF
S
S
ψ S = ψIM
(JS , I1 ) + ψFF
(I1 , I4 ),

(30)

where JS = detFs (the Jacobian), I1 = trCS , I4 = CS · M0 ,
with M0 = a0 ⊗ a0 as (Lagrangian) structural tensor. A
detailed exhibition of this representation is given in Pierce et
al. (2013a).
6 Incorporation of the cell metabolism
As a proof of principle for the integration of cellular
metabolism into a tissue-level model of blood perfusion and
substrate supply, we combined a reduced model of hepatic
glucose metabolism with the 3D-FEM model for anisotropic
perfusion.
6.1 Reduced metabolic model
The reduced metabolic model was derived from a detailed
kinetic model of hepatic glucose metabolism König et al.
(2012). It fully replicates the quasi-stationary behavior of
the detailed model, i.e., uptake or release rate of glucose
depending on the blood glucose concentration (see Fig. 5).
The reduced model comprises as variables the three central
metabolites of hepatic glucose metabolism: blood glucose
(ϕ FGu ), blood lactate (ϕ FLc ) and hepatic glycogen (ϕ SGy ).
The levels of these metabolites are governed by effective
reactions: vHGU (hepatic glucose utilization/ hepatic glucose production), vGS (glycogen synthesis/ glycogenolysis)
and vGLY (glycolysis/ gluconeogenesis). The kinetics of the
effective reactions are described by polynomial regression
functions of third order p(ϕ FGu , ϕ SGy , ϕ FLc ) which were fitted to the steady-state response of the detailed kinetic model
(Fig. 6, see Sect. 4 for polynomial coefficients).
vHGU (ϕ FGu , ϕ SGy , ϕ FLc ) = pHGU (ϕ FGu , ϕ SGy , ϕ FLc )
vGLY (ϕ FGu , ϕ SGy , ϕ FLc ) = pGLY (ϕ FGu , ϕ SGy , ϕ FLc )
vGS (ϕ FGu , ϕ SGy , ϕ FLc ) = vHGU (ϕ FGu , ϕ SGy , ϕ FLc )

(31)

− vGLY (ϕ FGu , ϕ SGy , ϕ FLc )
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is much smaller in contrast to the length scale L micro of the
lobule level (L cell  L micro ). Arbitrary scalar quantities on
the lobule level {·} are then represented by the homogenization

1
 dv,
{·} =
{·}
(33)
V
∂BS

Fig. 5 The reduced model of hepatic glucose metabolism comprises
the variables glucose (ϕ FGu ) and lactate (ϕ FLc ) in the fluid phase (blood)
and glycogen (ϕ SGy ) in the solid phase (hepatocyte). The effective reactions vHGU , vGLY and vGS are modeled by polynomial regression functions which were fitted to a large set of the steady-state responses of the
detailed kinetic model König et al. (2012) with vHGU < 0 hepatic glucose production, vHGU > 0 hepatic glucose utilization, vGLY < 0, gluconeogenesis, vGLY > 0 glycolysis, vGS < 0 glycogenolysis, vGLY > 0
glycogen synthesis

 denotes
relating to the volume V = |BS | of the RVE where {·}
arbitrary scalar quantities on the cell level. The microscopic
quantities of the concentration exchange rates are then given
with

1
FGu
=
{
ĉFGu } dv,
ĉ
V
∂BS

ĉFLc
The resulting ordinary differential equations describing the
changes in glucose, glycogen and lactate (one molecule of
glucose is converted to two molecules of lactate in glycolysis)
are
ĉFGu ,
−vHGU (ϕ FGu , ϕ SGy , ϕ FLc ) = 
vGS (ϕ FGu , ϕ SGy , ϕ FLc )

=
ĉSGy ,

(32)

2 · vGLY (ϕ FGu , ϕ SGy , ϕ FLc ) = 
ĉFLc ,
αβ denotes the concentration exchange rate on the
where ĉ
cell level. The polynomial fit of the steady-state responses
is possible because the detailed kinetic model reaches quasisteady state within minutes, much faster than the simulated
timescales of the 3D-FEM model. Interestingly, the reduced
model is able to reproduce the main model features and
behavior of the full model in the physiological range, like
the ability to switch between hepatic glucose production
(HGP) and hepatic glucose utilization (HGU), beween glycolysis and gluconeogenesis and between glycogen storage
and glycogenolysis depending on the external conditions and
the internal state (hepatic glycogen) (Fig. 6).
Owing to the model reduction approach, the mathematical
complexity of the integrated model and hence the simulation
runtime for the ordinary differential equation system of the
metabolic sub-module could be significantly reduced. The
reduction in the glucose model from 47 species and 49 reactions to 3 species and 3 reactions resulted in a runtime reduction of a factor 10–20 for simulations with the single cell
model, namely stationary simulations and the simulations of
the daily glucose profiles.

6.2 Coupling of micro- and cell level
For the homogenization from the cell to the microlevel, we
use the concept of representative volume elements (RVE) and
assume further that the length scale L cell of the cellular level
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ĉSGy

1
=
V
1
=
V



{
ĉFLc } dv,

(34)

∂BS



{
ĉSGy } dv.

∂BS

The algorithm for the metabolic model itself has been imbedded into the FE-model via a staggered algorithm. The system
of ordinary differential equations is solved with dependency
of actual quantities in each Gauss point calculating the rate
of concentration exchange for each solute ĉαβ .

7 Numerical treatment of macro scale
Weak formulations are formed within the framework of
a standard Galerkin procedure. Under consideration of all
assumptions, the constrain conditions and the constitutive
equations, we obtain the set  of unknown quantities with
six independent fields  = (x, t) = {uS , wFS , μαβ , pFR }
wherein uS denotes the displacement of the solid and μαβ represents the chemical potential. We account for μSGy (glycogen solely in the tissue), μFGu (glucose solely in the blood),
and μFLc (lactate solely in the blood). The filter velocity
nF wFS is calculated using the balance of momentum from
(25). Finally, the set of unknown quantities  can be reduced
to five quantities with
 = (x, t) = {uS , μαβ , pFR } .

(35)

In order to determine the independent fields given in (35),
weak forms have to be formulated. Therefore, for the mixture, we use the sum of the balance equations of momentum
(23)1 multiplied with the weight function δuS as well as the
balance equations of mass (21)1,2,3 for the mixture, internal and external solutes multiplied with the weight functions
δpFR , δμSGy , and δμFβ with β ∈ {Gu, Lc}, respectively. As
a result, the used set of equations according to the actual
placement can be evaluated to weak forms.
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Fig. 6 Evaluation of the reduced metabolic sub-model. HGP/HGU
(vHGU ), gluconeogenesis/glycogenolysis (vGLY ) and glycogenolysis/glycogen synthesis (vGS ) depending on blood glucose (ϕ FGu =
glcext ) and glycogen (ϕ SGy = glyc) for the detailed kinetic model (top

 
 


trDS δpFR dv =
nF wFS · n δpFR da (37)
+

• B. o. Momentum for the Mixture
⎧
⎫
 ⎨ S,
F, αβ
⎬
Tα ) · grad δuS dv
(
⎩ α
⎭

BS

BS



{t · δuS } da
− {ρ̂ Fβ wFβS · δuS } dv =
BS

∂BS

• B. o. Mass for the Mixture
 

nF wFS · grad δpFR dv
BS

row), the reduced model via polynomial fitting (middle row) and the
absolute difference between detailed model and reduced model (third
row). The reduced model is able to describe the behavior of the full
kinetic model for a wide range of different model inputs

∂BS

• B. o. Mass for Internal Solute
(36)

 


(nS cSGy )S δμSGy dv

BS

 

SGy
+
cSGy nS trDS − ρ̂mol δμSGy dv = 0

(38)

BS
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• B. o. Mass for External Solutes with β ∈ {Gu, Lc}
 
 


(nF cFβ )S δμFβ dv−
jFβ · grad δμFβ dv
BS

BS

 

Fβ
+
cFβ nF trDS − ρ̂mol δμFβ dv
BS

=

 


jFβ δμFβ · n da

(39)

∂BS

The weak forms of the balance equations are implemented
in the finite element program FEAP developed by Taylor,
UC Berkeley . The finite element discretization was realized
with the Galerkin method. In order to ensure stable numerical
results, the so-called Taylor-Hood elements are used with
quadratic ansatz functions for uS and linear ansatz functions
for pFR and μαβ .

Fig. 7 Schematic sketch of the feeding cycle showing duration and
typical patterns for glycogen in a single lobule during deposition and
depletion. After feeding (0–2 h), glycogen is deposited, whereas in the
fasting phase, glycogen is depleted. Figure reproduced from Babcock
and Cardell (1974)
8

8 Numerical example: coupled perfusion and
metabolism
8.1 Setup and material parameters
Spatially heterogenous glycogen storage within the lobule is
a well-known phenomenon in hepatic glucose metabolism,
cf. Corrin and Aterman (1968) or Sasse (1975). In the presented numerical example, we performed a simulation on
the lobule geometry analog to the experiments performed by
Babcock and Cardell (1974), namely the analysis of glycogen
storage patterns in the liver under controlled feeding cycles
(Fig. 7). In the beginning of the 24-h feeding cycle, rats were
fed for the first 2 h, then fasted for the remaining 22 h. For
the simulation, glucose profiles corresponding to 2 h of food
intake and 22 h of fasting based on 24-h profiles of plasma
glucose (cf. Stanhope et al. 2008; Yuen et al. 2012) were used
as periportal input profiles for the model (Fig. 8).
The geometry of the applied finite element model and
arrangement of boundary conditions are shown in Fig. 9.
Due to axis symmetry and convenient handling of mirroring (which is a time-consuming and semi-automatic postprocessing step) the results for a full lobule representation,
one-quarter of the hexagonal-shaped lobule has been considered with respective symmetric boundary conditions along
the two-symmetry axis.
The dimensions of the lobule are based on reported values
for the diameter of human hepatic lobules of 1.0–1.3 mm,
cf. Kuntz and Kuntz (2006), and in line with the distance
between central veins of ∼1 mm, cf. Lautt (2009). These
values are comparable to the lobules diameter in rats of
809±199 µm (SD, n = 79, young rat, SEM of corrosion
cast), cf. Warren et al. (2008). Due to variation in reported
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Fig. 8 Glucose profile corresponding to 2 h of food intake and 22 h
of fasting based on 24-h profiles of plasma glucose (blue) and for a
3-meal 24-feeding schedule (red). Experimental data from (Stanhope
et al. 2008; Yuen et al. 2012)

values for diameters of the central vein and periportal triad,
representative values have been chosen, cf. Maass-Moreno
and Rothe (1997), Teutsch et al. (1999), Teutsch (2005), Burt
et al. (2007).
In case of elastic properties, values for Poisson’s ratio
are reported between 0.35 and 0.4, while values for Young’s
modulus vary substantially. Values range from 2.5 kPa up to
100 kPa, cf. Schwartz et al. (2005), Nava et al. (2008), Evans
et al. (2013), Brown et al. (2003), Samur et al. (2005). Due to
lack of precise parameter estimation and for convenience, we
applied a Young’s modulus of 28 kPa and a Poisson’s ratio
of 0.4.
The volume fractions of liver tissue were reported as 78 %
for parenchymal cells, i.e., hepatocytes, sinusoidal blood vol-
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outflow (pFR = 0)
cv )
central vein (kD

0.03

0.45

0.02
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gluc
lac )
(pFR
0
0
0

[mm]
Fig. 9 Depiction of the applied geometry and boundary conditions

ume of 11 % and extravascular volumes of ∼5 % in morphological studies in rats, cf. Blouin et al. (1977) or Lautt (2009).
This is in line with data from isolated perfused human liver
reporting sinusoidal blood volume fraction as 9–15 % and
extravascular fluid volume as 5–8% (14–22% fluid fraction),
cf. Villeneuve et al. (1996). The volume fractions were set as
75 % (hepatocytes, solid) and 25 % (sinusoidal and extravascular fluid), respectively.
The permeability Darcy parameter has been fitted to
recorded blood velocities from literature. In animal, experiments measured blood velocities in sinusoids range from
0–400 µm/s with mean values of 69 µm/s in mouse and 180
µm/s in rat, cf. MacPhee et al. (1995). We take an estimated
but physiological pressure difference of 1 mmHg (133 Pa)
from periportal triad to the outflow into account, cf. MaassMoreno and Rothe (1997), see Fig. 10a. A resulting mean
blood velocity of 152 µm/s has been calculated, see Fig. 10b.
1. Constant pressure at the periportal triad and central vein
2. Time-depending Dirichlet boundary condition for glucose at the periportal triad
3. Constant Dirichlet boundary condition for lactate at the
periportal triad
The central vein has been implemented as a region with
increased permeability and a small outflow at its center.
Therefore, the solutes in the liquid phase get drained out
of the lobule without adding additional boundary conditions
for the solutes at the central vein. Material parameters and
boundary values are summarized in Table 1.
Regarding the anisotropic permeability, we started with
the unphysiological assumption that the direction of all sinusoids is parallel. As time goes on, the sinusoids orient in the

Fig. 10 Contour plot for the pressure and velocity destribution. 1
mmHg (133 Pa) is the applied, estimated pressure difference between
the periportal triad and the outflow (resulting pressure gradient between
periportal triad and central vein is ∼ 0.9 mmHg =
ˆ 120 Pa). Maximum
velocity is about 500 µm/s, average velocity in the lobule is 152 µm/s.
Due to constant boundary conditions for the pressure applied to all
simulations, pressure and velocity distributions remain constant over
time for every shown simulation. Stream lines denote the preferred
flow direction for the stationary solution using anisotropic permeability. a Distribution for pore pressure pFR (N/m2 ), b Distribution for fluid
velocity wLS (µm/s)
Table 1 Material parameters of liver lobule
Param.

Value

Unit

Remark

S
n0S

0.75

–

Volume fraction solid

F
n0S

0.25

–

Volume fraction fluid

μS

1 · 104

Pa

Lamé constant

λS

4 · 104

Pa

Lamé constant

R0

8.3144

J/molK

Gas constant

T0

280

K

Temperature

F
kD
F,cv
kD

6 · 10−10

m/s

Darcy permeability

6 · 10−5

m/s

√ ⎞
−1/√ 2
⎝ 1/ 2 ⎠
0

Darcy permeability at
central vein

−

Initial flow direction

κ

0.2

–

Degree of anisotropy

δt

0.1

–

Virtual damping param

⎛
a0

direction of the pressure gradient. Finally, the sinusoids are
oriented parallel to the pressure gradient and no further reorientation occurs, see Fig. 10. This stationary solution can be
defined as the optimal state and is used as a reasonable physiological starting configuration for the presented numerical
examples.
8.2 Results
Daily variation of glucose metabolism in the lobules was simulated under typical glucose profiles (Fig. 8). To analyze the
local differences in glucose metabolism, the time courses of
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in the solid phase via the transport of glucose and lactate in
the fluid phase, spatial patterns of glucose, glycogen and lactate arise within the lobules under typical nutritional regimes
(Figs. 16, 17, 18).

9 Discussion

Fig. 11 Depiction of the centrilobular, midlobular and periportal
points picked for evaluation. Storage of glucose, glycogen and lactate
within the colored zones is evaluated in Fig. 12 for one-meal cycle and
Fig. 14 for three-meal cycle

glucose, lactate and glycogen and the corresponding fluxes
of glucose utilization/production (HGU/HGP), glycogen
synthesis/glycogenolysis and gluconeogenesis/glycolysis
(Fig. 12) were evaluated at various positions within the lobule
(Fig. 11), namely periportal (pt), midlobular (ml) and centrilobular (cv). Differences from periportal to centrilobular
in glucose, glycogen and lactate are observed. Glycogen is
lower periportal, whereas lactate is higher in the periportal
region. The glycogen decreasing at periportal corresponds
qualitatively to experimental observations, cf. Saitoh et al.
(2010). However, more effort will be done to validate the
profiles experimentally in future studies.
Depending on the nutritional state, glucose is either lower
periportal during fasting, due to glucose production within
the lobules, or becomes higher periportal then centrilobular
after food uptake, a consequence of the glucose storage as
glycogen within the lobule which decreases the intra-lobular
glucose concentration towards the centrilobular region. The
dual role of the liver as either glucose producer between
meals (HGP) or glucose consumer after meals (HGU) is
affirmed by the numerical results given in Fig. 13. Moreover, the important role of glycogen as glucose buffer can
be observed throughout the lobule (Fig. 13). In between
meals, glycogen is converted to glucose via glycogenolysis and subsequently exported into the blood, whereas after
food uptake accompanied with rising glucose levels, glucose
is taken up by the hepatocytes and stored via glycogen synthesis. Depending on the rate of glycolysis, which converts
glucose to lactate, varying amounts of lactate are produced.
Qualitative similar behavior to the one-meal cycle can be
observed in the multiple meal regime (Figs. 14, 15) with a
switch of hepatic glucose metabolism between glucose production and consumption as well as between glycogen storage and glycogenolysis depending on the blood glucose concentrations. Due to the coupling of the glucose metabolism
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The model simulations show the important metabolic role
of the liver lobules as ’glucostat,’ taking up glucose under
high blood glucose concentrations as occurs postprandial via
hepatic glucose utilization (HGU) and switching to hepatic
glucose production (HGP) when blood glucose values fall
between meals. Glycogen synthesis as well as glycolysis
contribute to HGU, whereas the glucose in HGP consists
of de novo synthesized glucose in gluconeogenesis and glucose from glycogen. The important role of glycogen as glucose buffer is underlined, with glycogen storage under hyperglycemic conditions and glycogenolysis when blood glucose
values fall (König et al. 2012; Nuttal et al. 2008; Radziuk and
Pye 2001; Wahren and Ekberg 2007).
9.1 Heterogeneity in liver metabolism and hepatic glycogen
patterns
Very interestingly, metabolic gradients along the sinusoid in
glucose and lactate are established due to the role of glucose
and lactate as either substrate or product depending on the
actual glucose concentrations. The resulting ratios of periportal to perivenous differences in glucose are in line with
reported values for most carbon substrates like glucose and
lactate in the range from 10 to 50 % (Jungermann 1986). Even
without a zonated model of hepatic metabolism, i.e., zonated
metabolic capacities in the pathways, zonation in metabolism
arises as a consequence of substrate and product gradients
within the tissue model. Due to the architecture of the liver,
heterogeneity in the local response arises as an emergent
system property. Consequently, glycogen is synthesized and
degraded heterogenously and thereby also distributed heterogenously over the parenchyma during filling or emptying
of the glycogen stores, a well-known effect in liver glycogen
metabolism (Corrin and Aterman 1968; Sasse 1975). As an
emerging model behavior, the spatially heterogenous storage and utilization of glycogen results in hepatic glycogen
patterns within the lobule (Babcock and Cardell 1974).
9.2 Multiscale model and model reduction
Via the simultaneous evaluation of the multiple scales,
namely lobule and cellular scale, the presented multiscale
model of hepatic metabolism integrated with perfusion provided access to emerging system behavior, that would not
have been observable using single scale techniques. This is
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Fig. 12 Evaluation of glucose, glycogen and lactate in the centrilobular region (CVR), midlobular region (MLR) and periportal region(PTR) for
a one-meal cycle compared with the mean value of the respective concentration in the whole lobule
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Fig. 13 Evaluation of glucose, glycose and lactate at three single points along the shortest path between the periportal triad and the central vein
for the case of a single meal cycle. One point is located at the central vein (CV), the second is located midlobular (ML) and the third at the portal
triad (PT)
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Fig. 14 Evaluation of glucose, glycogen and lactate in the centrilobular, midlobular and periportal region for a three-meal cycle compared with
the mean value of the respective concentration in the whole lobule
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Fig. 15 Evaluation of glucose, glycogen and lactate at three single points along the shortest path between the periportal triad and the central vein
for the case of three-meal cycle. One point is located at the central vein (cv), the second is located midlobular (ml) and the third at the portal triad
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Fig. 16 Contour plots showing the spatial distribution of glucose
[mmol/l] taken from a finite element simulation. Applied boundary conditions can be taken from Fig. 8 (one-meal uptake). Loading cycle has
been applied twice to match the simulated time of 48 h. a 6 h, b 12 h, c
18 h, d 24 h, e 30 h, f 36 h, g 42 h, h 48 h

Fig. 17 Contour plots showing the spatial distribution of stored glycogen [mmol/l] taken from a finite element simulation. Applied boundary
conditions can be taken from Fig. 8 (one-meal uptake). Loading cycle
has been applied twice to match the simulated time of 48 h. a 6 h, b
12 h, c 18 h, d 24 h, e 30 h, f 36 h, g 42 h, h 48 h
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(a)
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one of the main features of multiscale models (Walpole et
al. 2013). In the context of the multiscale modeling, the performed model reduction in a detailed kinetic model to effective equations which still capture the main model behavior
made the integration of metabolism into the spatial framework of FEM feasible. Only this reduction in its complexity
allowed the effective coupling of the models on different
scales. Already with simplified metabolic model of glucose
metabolism, our multiscale model is able to reproduce the
overall role of the liver in glucose homeostasis as well as
spatial effects due to metabolic coupling between the hepatocytes based on established metabolic gradients within the
sinusoid.
9.3 Summary and outlook

(c)
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(f)

(g)

(h)

Fig. 18 Contour plots showing the spatial distribution of lactate
[mmol/l] taken from a finite element simulation. Applied boundary conditions can be taken from Fig. 8 (one-meal uptake). Loading cycle has
been applied twice to match the simulated time of 48 h, a 6 h, b 12 h,
c 18 h, d 24 h, e 30 h, f 36 h, g 42 h, h 48 h
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In this study, the general framework of a two-scale approach
has been presented which describes the basic coupled
transport–reaction mechanisms between blood perfusion on
lobule scale with metabolism on cell scale.
The model on lobule scale is a multicomponent homogenization approach based on the theory of porous media. The
model is based on the principles of rational thermodynamics, is energetically consistent, and is formulated in a continuum mechanical framework. The resulting partial differential equations (PDE) are solved numerically by use of the
finite element method (FEM). It describes all relevant coupled phenomena, i.e., the transverse isotropically transport
of the fluid (driven mainly by the pressure gradient) and the
solved species (driven mainly by convection and diffusion),
strains and stresses of the solid (less important in this study)
as well as all significant interactions and reactions between
the phases and components (in particular the transport as
well as metabolism driven exchange of glucose, lactate and
glycogen).
The homogenized multicomponent lobule model is coupled to the metabolism cell model. The cell model is based on
a coupled system of ordinary differential equations (ODE).
The metabolism cell model is solved in every gauss point
(calculation point of FEM model) and in every time step of
the overlaying lobule FEM model. The input boundary conditions (blood concentration of glucose and lactate) of the
metabolism cell model are gained from the overlaying lobule
FEM model. As an output, the metabolism cell model deliver
the metabolism rates for glucose, lactate and glycogen, which
are used as input values for the lobule FEM model.
The main objective of this study was to demonstrate that
cell metabolism in liver lobules can be modeled in a two-scale
approach which includes in principal all relevant transport
and reaction quantities. As proof of principle, the temporal
and spatial depending deposition and depletion of glycogen
in a liver lobule has been simulated. Based on this investigation, further studies will be performed to enlarge the applica-
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bility of the model to more realistic metabolism states and
finally to liver diseases.
Appendix
Kinematics
The saturated porous solid is treated as an immiscible mixture of all constituents ϕ α with particles X α with an own
independent motion function
x = χ α (Xα , t) , Xα = χ −1
α (x, t) .

(40)

where (40)1 represents the Lagrange description of motion.
The function χ α is postulated to be unique and uniquely
invertible at any time t. The existence of a function inverse
to (40)1 leads to the Euler description of motion, see (40)2 .
A mathematical condition, which is necessary and sufficient
for the existence of equation (40)2 , is given if the Jacobian
Jα = det Fα differs from zero. Therein, Fα is the deformation
gradient. The tensor Fα and its inverse Fα−1 are defined as
Fα = ∂x/∂Xα = Gradα χ α and Fα−1 = ∂Xα /∂x = grad Xα .
The differential operator “Gradα ” is referring to a partial
differentiation with respect to the reference position Xα
of the constituent ϕ α and the differential operator “grad”
referring to the spatial point x. During the deformation
process, Fα is restricted to det Fα > 0. The spatial velocity gradient Lα = ( Gradα xα ) Fα−1 = grad xα , where
(Fα )α = ∂xα /∂Xα = Gradα xα denotes the material velocity gradient, can be additively decomposed into a symmetric part Dα = ( Lα + LαT ) / 2 and a skew-symmetric part
Wα = ( Lα − LαT ) / 2 with Lα = Dα + Wα .
With the Lagrange description of motion (40)1 , the velocity and acceleration fields of the constituents ϕ α are defined
as material time derivatives of the motion function (40)1 , see
Fig. 19,
xα

∂χ α (Xα , t)
∂ 2 χ α (Xα , t)
, xα =
=
.
∂t
∂t 2

(41)

For scalar fields depending on x and t, the material time
derivatives are defined as
(...)α

= ∂(...)/∂t + grad

(...) · xα ,

(42)

see, e.g., de Boer (2000).
Constitutive theory
With respect to the assumptions made in Sect. 3, the material
time derivative of the saturation condition (24) is an equation
in excess that restricts the motion of the incompressible constituents. Therefore, the set of unknown field quantities must
be extended by a scalar, namely the Lagrange multiplier λ̄,
which is understood as an indeterminate reaction force due

to the saturation condition. Thus, the set of unknown field
quantities is:
%
$
(43)
U = χ α , cαβ , λ̄
Considering that the external acceleration b, i.e., the acceleration of gravity, is known, the remaining quantities


(44)
C = Tα , p̂F , p̂αβ , ĉαβ
in the set of field equations, see Sect. 4, require constitutive
relations in order to close the system of equations. In view
of the treatment of the entropy inequality in analogy to Coleman and Noll (1963) the following set of free but not overall
independent process variables is chosen:

P = CS , nS , nF , wFS , wFβ S , cSβ , cFβ , gradnF ,

(45)
gradcSβ , gradcFβ
In (45) the right Cauchy-Green deformation tensor CS =
FST FS is considered. The entropy inequality for the mixture
body
S,F,αβ
 
α

− ρ α (ψ α )α − ρ̂ α ( ψ α −

%
+Tα · Dα + êα − p̂α · xα ≥ 0

1 
x · x )
2 α α
(46)

will be rearranged to ensure no neglecting of dependencies
which can influence constitutive modeling. In order to keep
the complexity of the evaluation in a justifiable scope, the
dependency of the Helmholtz free energies ψ α on the process
variables P will be restricted as follows:
ψ S = ψ S { CS } , ψ F = ψ F { − } , ψ αβ = ψ αβ { cαβ } .
(47)
For further investigations, the relations ρ α (ψ α )α will be
replaced by
ρ S (ψ S )S

= 2 nS ρ SR FS

ρ F (ψ F )F

= 0,

ρ αβ (ψ αβ )β = ρ αβ

∂ψ S T
F · DS ,
∂CS S

(48)

∂ψ αβ αβ 
(c )β .
∂cαβ

For saturated porous media consisting of incompressible constituents the saturation condition (20) is a constraint with
respect to the overall volumetric deformation. Therefore, the
saturation condition must be considered in view of the evaluation of the entropy inequality. Here, the material time derivative of the saturation condition following the motion of the
solid phase with
(nS )S + (nF )S = (nS )S + (nF )F − grad nF · wFS = 0

(49)
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=
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Fig. 19 Motion of solid and fluid particle in a fluid saturated porous solid

will be considered, where (42) and the difference velocity
wFS = xF − xS

(50)

The entropy inequality (46), supplemented with the material time derivative of the saturation condition (53)5 and the
balance equations of mass (53)1−4 , all multiplied with the
corresponding Lagrange multiplier, reads

are used. Applying the identity
nα
nα
(nα )α = α (ρ α )α − αR (ρ α )α
ρ
ρ
nα
α
= − n ( Dα · I ) − αR (ρ αR )α ,
& '( )
ρ
= − nα ( Dα · I)



(51)

=0

the rate of the saturation condition (49) can be rearranged to
nS ( DS · I ) + nF ( DF · I ) + grad nF · wFS = 0.

(52)

In view of the constitutive modeling, we use the concept of
Lagrange multipliers. Using the identity div xα = Dα · I, we
add (21)1,2 to the entropy inequality (46), multiplied by the
Lagrange multiplier λ̄, cf. de Boer (1996). The interconnection between the spatial velocity deformation gradients Dα
with the volume fractions and their material time derivative
nα and (nα )α as well as the mass supplies ρ̂ α will be considered with the balance equations of mass (14)1 multiplied
with a respective Lagrange multiplier:
λ̄S

(nS )S + nS (DS · I) = 0

λ̄F

(nF )F + nF (DF · I) = 0

λ̄Sβ

(nS )S cSβ + nS (cSβ )S + nS cSβ DS · I − ĉSβ = 0

λ̄Fβ

(nF )F cFβ + nF (cFβ )β + grad nF (wFβS − wFS ) cFβ

+ nF cFβ DFβ · I − ĉFβ = 0
− λ̄ −nS DS · I − nF DF · I − grad nF wFS = 0
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∂ψ S T
F
∂CS S

+λ̄ nS I + λ̄S nS I + λ̄Sβ cSβ nS I


+ DF · TF + λ̄ nF I + λ̄F nF I


+ DFβ · TFβ + λ̄Fβ nF cFβ I




− (nS )S −λ̄S − λ̄Sβ cSβ − (nF )F −λ̄F − λ̄Fβ cFβ


Fβ
Fβ 
Fβ ∂ψ
Fβ F
− (c )β ρ
− λ̄ n
∂cFβ


Sβ
Sβ 
Sβ ∂ψ
Sβ S
− (c )β ρ
− λ̄ n
∂cSβ


Sβ
λ̄
1
− ρ̂ Sβ ψ Sβ − xS · xS + β
2
Mmol


λ̄Fβ
1 
Fβ
Fβ

− ρ̂
ψ − xFβ · xFβ + β
2
Mmol


F
F
Fβ Fβ
− wFS · p̂ − λ̄ grad n + λ̄ c grad nF


− wFβS · p̂Fβ − λ̄Fβ cFβ grad nF ≥ 0 ,
(54)

DS ·

(53)

TS + TSβ − 2 nS ρ SR FS

* αβ
where use has been made of
ρ
= 0 and p̂S =
F
Sβ
Fβ
−p̂ − p̂ − p̂ , see (19). The inequality must hold for
fixed values of the process variables, see (45), and for arbitrary values of the so-called free-available quantities A =
{Dα , (nα )α , (cαβ )αβ } which contains selective derivatives
of the values contained in P. Thus, the entropy inequality
(54) can be satisfied if the following structure is obtained:

Modeling function–perfusion behavior

⎧
⎧
⎧
⎫
⎫
⎫
⎨
⎨
⎨
⎬
⎬
⎬
DS · (. . .) + DF · (. . .) + DFβ · (. . .)
⎩&'()⎭
⎩&'()⎭
⎩&'()⎭
=0
=0
=0
⎧
⎫
⎧
⎫
⎨
⎬
⎨
⎬
−(nS )S (. . .) − (nF )F (. . .)
(55)
⎩&'()⎭
⎩&'()⎭
=0
=0
⎧
⎫
⎨
⎬
Dis ≥ 0 ,
−(cSβ )Sβ (. . .) − (cFβ )Fβ {(. . .)} + &'()
&'()
⎩&'()⎭
=0

≥0

=0

using (57)1,2 and the abbreviations TS = TS + TSβ for the
β
overall solid stress and μFβ = (cFβ )2 Mmol (∂ψ Fβ /∂cFβ ) for
the chemical potential. Moreover, the Lagrange multiplier λ̄
is understood as the reaction force between the solid and
fluid phase, which can be identify as the pore pressure λ
with λ̄ = λ, cf. eg. Bluhm (2002). In view of the dissipative
mechanism (56), the following approaches for the interaction
forces p̂F and p̂Fβ and for the mass supply ρ αβ are postulated:
p̂F = λ̄ grad nF − λ̄Fβ cFβ grad nF − αwFS wFS
+αwFFβ wFFβ ,

where the dissipation mechanism

Dis = −ρ̂ Sβ ψ Sβ −

−ρ̂

Fβ

ψ

Fβ

1  
λ̄Sβ
xS · xS + β
2
Mmol

p̂Fβ = λ̄Fβ cFβ grad nF − αwβS wβS − αwFFβ wFFβ ,



λ̄Fβ

1 

− xFβ
· xFβ
+ β
2
Mmol

ρ̂ FLc = −δ FLc ( FLc −  SGy ) ,
ρ̂ FGu = −δ FGu ( FGu −  SGy ) ,


(56)



−wFS · p̂F − λ̄ grad nF + λ̄Fβ cFβ grad nF

(59)



· xαβ
+
with the abbreveation  αβ = ψ αβ − 1/2 xαβ
β

−wFβS ·{ p̂Fβ − λ̄Fβ cFβ grad nF } ≥ 0
must hold. Considering the aforementioned remarks, we
obtain necessary and sufficient conditions for the unrestricted
validity of the second law of thermodynamics. The Lagrange
multipliers associated with the solutes can be identified from
(55), terms 4–7, as

λ̄αβ /Mmol . The factors connected to the relative permeabilities αwFS , αwFFβ , αwβS and connected to the mass supply
terms δ FLc , δ FGu are material parameters depending on the
set U given in (43) and are restricted to positive values (≥ 0).
Regarding the liver lobe level (microperfusion scale), we
receive constitutive restrictions with respect to the concentration exchange of lactate and glucose from (59)3,4 with
Lc FLc
ĉ
= −δ FLc ( FLc −  SGy ) ,
ρ̂ FLc = Mmol
Gu FGu
ĉ
= −δ FGu ( FGu −  SGy ) ,
ρ̂ FGu = Mmol

λ̄α = −λ̄αβ cαβ ,
αβ
ρ αβ ∂ψ αβ
β ∂ψ
λ̄αβ = α
= cαβ Mmol αβ .
αβ
n ∂c
∂c

(57)

Thus, we obtain from (55), terms 1–3 for the Cauchy stress
tensors
TS = TS + TSβ
∂ψ S T
S S
Sβ Sβ S
S
= −λ̄ nS I −
λ̄
n
I
−
λ̄
c
n
I
+2
ρ
F
F
S
&
'(
)
∂CS S
=0

S

TF = +λ̄ nF I + λ̄F nF I
= − λ̄ n I + n (c )
F

Fβ 2

β
Mmol

β

= −nF μFβ I ,

ρ̂ FLc
δ FLc
=
−
(ψ FLc − ψ SGy ) ,
Lc
Lc
Mmol
Mmol

ĉFGu =

ρ̂ FGu
δ FGu
= − Gu (ψ FGu − ψ SGy ) ,
Gu
Mmol
Mmol

(61)

Considering that the solid and fluid carrier phases are treated
to be material incompressible ((ρ αR )α = 0), see Sec. 3, leads
to the simplification

∂ψ Fβ
I,
∂cFβ

TFβ = −λ̄Fβ nF cFβ I
= − nF (cFβ )2 Mmol

ĉFLc =

Derivation of field equations

TSE

F

β

 · x + (λ̄αβ /M
where  αβ = ψ αβ − 1/2 xαβ
αβ
mol ). We
assume now that the concentration exchange depends nei · x nor on the pressure state
ther on kinetic energy 1/2 xαβ
αβ
αβ
λ̄ . Thus, the concentration exchange rates reduce with (18)
to

ĉSGy = −ĉFLc − ĉFGu .

∂ψ S T
= − λ̄ n I + 2 ρ FS
F ,
∂C S
&
'( S )
S

(60)

(ρ α )α = (nα ρ αR )S = (nα )α ρ α R + nα (ρ α R ) = (nα )α ρ α R .
& '( )

∂ψ Fβ
I
∂cFβ

=0

(58)

(62)
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an updated preferred flow direction a0 is calculated with the
relation

a0
a0

a0 = a0 +

a0
t
ap

t+1
ap

p0
t in the a × p plain spanned
Fig. 20 Developing different angel θap
0
0
by the pressure gradient p0 and preferred flow direction a0 or a0

Incorporating additionally that mass exchanges are only acts
between the solute (ρ̂ α = 0), the balance equation of mass
(14)1 reduce for the solid and fluid carrier phases to
(nS )S + nS div xS = 0 , (nF )F + nF div xF = 0.

a0 =

δt
([a0 × p0 ] × a0 ).
δd

αβ

Vliver
Vsim

1.5 l
Vsim
Vliver

Vf

CHGU , CGLY

(65)

m bw

75 kg

kz = kx

0.05 mM

β

Further, we consider that Mmol is a constant of the substance
ϕ β and applies for the time derivatives for scalar fields (42).
Thus, the solute balance equation of mass (65) yields with
(13) to
- .
(nα )S cαβ + nα (cαβ )S + div jαβ + nα cαβ div xS = ĉαβ .
(66)

(69)

liver volume in full kinetic model
liver volume for simulation in liter
Relative volume for adaptions of
model fluxes and properties like the
glycogen storage capacity to the
actual liver volume
Coefficients for polynomial approximation of quasi-steady state
Body weight used for conversion of
fluxes given per body weight in concentration changes
Saturation parameter accounting for
substrate limitation: HGU and glycolysis are limited by the available
ϕ FGu . HGP and gluconeogenesis are
limited by available gluconeogenic
substrate (handles the border conditions for integration in the polynoms)

Herein,
jαβ = cαβ nα wαβS = −Dαβ [−nα gradcαβ ]+ D̂αβ wαS

(67)

denotes the molar flux, with Dαβ as the diffusion coefficient
(Fick’s part), D̂αβ as the advective coefficient (advective part)
 − x as the velocity of the solute ϕ αβ solved
and wαβS = xαβ
S
in the carrier phase ϕ α relative to the solid velocity.
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ϕ SGy
, z = ϕ FLc
Vf
⎞
⎛
0.002037960420379
⎜ −0.000367490977632 ⎟
⎟
⎜
⎜ −0.069301032419012 ⎟
⎟
⎜
⎜ −0.000002823120484 ⎟
⎟
⎜
⎜ 0.011282864074433 ⎟
⎟
=⎜
⎜ 3.740276159346358 ⎟
⎟
⎜
⎜ −0.000000181515364 ⎟
⎟
⎜
⎜ 0.000157328485157 ⎟
⎟
⎜
⎝ −0.100050917438436 ⎠
−18.414978834613287

x = ϕ FGu y =

Evolutionary approach for preferred flow direction
The stationary solution for the anisotropic flow is achieved
following the phenomenological approach that sinusoids
tend to be oriented in the direction of the pressure gradient p0 = Grad λ̄ with |p0 | = 1; see Fig. 20. Thus, starting
from an arbitrary preferred flow direction a0 with |a0 | = 1

(68)

Supplemental information model reduction

Bα

which directly leads to the solute balance equation
+
,
β
β

nα cαβ Mmol
+ nα cαβ Mmol div xαβ
= ρ̂ αβ .

a0 = 0

where a0 denotes the incremental update of the preferred
flow direction a0 Werner et al. (2012). The incremental
update can be expressed by a rigid body rotation of a0 by
a0 = ω × a0 where ω denotes the angular velocity of
reorientation. Since ω is perpendicular to the plane spanned
by a0 and p0 the condition ω = δδdt (a0 × p0 ) must hold with
δt denoting a virtual damping coefficient with respect to the
time-dependent model and δd = |a0 − p0 | weighting the distance between the preferred flow direction and the pressure
gradient. Thus, the incremental update reads

(63)

In addition, with (11) the mass for the solutes is given with

mβ (x, t) =
dmβ
M
 β
β
=
cαβ Mmol dvα
(64)
Bα
β
=
nα cαβ Mmol dv,

a0 with a0 ·

CHGU

Modeling function–perfusion behavior

⎞
−0.013260401508103
⎜−0.000078240970095⎟
⎟
⎜
⎜ 0.478235644004833 ⎟
⎟
⎜
⎜ 0.000002861605817 ⎟
⎟
⎜
⎜ 0.000932752106971 ⎟
⎟
⎜
=⎜
⎟
⎜−2.492569641130055⎟
⎜ 0.000000166945924 ⎟
⎟
⎜
⎜−0.000125285017396⎟
⎟
⎜
⎝ 0.015354944655784 ⎠
⎛

CGLY

−4.975026288067225
pHGU (ϕ FGu , ϕ SGy , ϕ FLc )
Vf m bw
· (CHGU [1] · x 3 + CHGU [2] · x 2 y
=
60 · 10−3
+ CHGU [3] · x 2 + CHGU [4] · x y 2 + CHGU [5] · x y
+ CHGU [6] · x + CHGU [7] · y 3 + CHGU [8] · y 2
+ CHGU [9] · y + CHGU [10])
vHGU (ϕ FGu , ϕ SGy , ϕ FLc )
= pHGU (ϕ

FGu

,ϕ

SGy

,ϕ

FLc

(70)
⎧
⎪
⎨

z
∀ pHGU < 0
z
+
k
)·
x z
⎪
∀ pHGU ≥ 0
⎩
x + kx

(71)

pGLY (ϕ FGu , ϕ SGy , ϕ FLc )
Vf mbw
=
· (CGLY [1] · x3 + CGLY [2] · x 2 y + C GLY [3] · x 2
60 · 10−3
+ CGLY [4] · x y 2 + CGLY [5] · x y + C GLY [6] · x + C GLY [7] · y 3
+ CGLY [8] · y 2 + CGLY [9] · y + C GLY [10])
vGLY (ϕ FGu , ϕ SGy , ϕ FLc )
= pGLY (ϕ

FGu

,ϕ

SGy

,ϕ

FLc

⎧
⎪
⎨

z
∀ pGLY < 0
z
+
k
)·
x z
⎪
∀ pGLY ≥ 0
⎩
x + kx

(72)

(73)

vGS (ϕ FGu , ϕ SGy , ϕ FLc )
= vHGU (ϕ FGu , ϕ SGy , ϕ FLc ) − vGLY (ϕ FGu , ϕ SGy , ϕ FLc )

(74)

d ϕ FGu

= −vHGU (ϕ FGu , ϕ SGy , ϕ FLc ) = ĉFGu ,
dt
d ϕ SGy
= −vHGU (ϕ FGu , ϕ SGy , ϕ FLc ) = ĉFGu ,
dt
d ϕ FLc
= 2 · vGLY (ϕ FGu , ϕ SGy , ϕ FLc ) = ĉFLc .
dt

(75)
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